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ABSTRACT 

We compute explicitly the Killing spinors of some ten dimensional supergravity solutions. 
We begin with a lOd metric of the form IR 1 ' 3 x y 6 , where 3^ is either the singular conifold 
or any of its resolutions. Then, we move on to the Klebanov-Witten and Klebanov-Tseytlin 
backgrounds, both constructed over the singular conifold; and we also study the Klebanov- 
Strassler solution, built over the deformed conifold. Finally, we determine the form of the 
Killing spinors for the non-commutative deformation of the Maldacena-Nunez geometry. 
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Chapter 1 
Introduction 



In this work we compute explicitly the Killing spinors of some ten dimensional supergravity 
solutions. The main interest of these backgrounds comes up in the context of the AdS/CFT 
correspondence established in [1] (see [2] for a review), for they are dual to four dimen- 
sional supersymmetric field theories [3]. Let us recall that the SUSY transformations for a 
background of ten dimensional type IIB supergravity can be parameterized in terms of a 
Majorana spinor e made up of 32 real components, which is the number of charges forming 
the largest SUSY algebra. For a general background to be supersymmetric, we must require 
the vanishing of the SUSY transformations of the whole set of bosonic and fermionic fields of 
the theory. In principle, this will result in a reduction of the number of independent compo- 
nents of e, and therefore, of the supercharges entering the SUSY algebra. It is precisely this 
resulting spinor, subjected, in general, to some projections relating its components, what we 
call the Killing spinor of the background. Then, by computing the Killing spinors one can 
determine the amount of supersymmetry conserved by a certain geometry. 

Let us point out that the knowledge of the explicit form of the Killing spinors allows one 
to apply the kappa symmetry [4] technique when looking for supersymmetric embeddings 
of different D-brane probes. The addition of D-branes, pioneered by Witten in [5], has be- 
come very fruitful in the AdS/CFT field, for it provides a way to uncover different stringy 
effects in the Yang-Mills (YM) theories. Indeed, by adding different D-brane probes to the 
supergravity backgrounds, one can study several interesting objects living in the dual field 
theories. For instance, in ref. [6] it has been shown that D3-brane probes wrapped over 
three cycles of the internal manifold T 1,1 in the so-called Klebanov- Witten model [7] (whose 
geometry, which we will describe in detail in chapter 3, is AdS§ x T 1 ' 1 ) describe dibaryon 
operators in the Af = 1 superconformal YM theory living on the boundary of AdS$ (see 
also refs. [8]- [11] for more results on dibaryons in this model and in some orbifold theories). 
Besides describing other exotic objects as domain walls (by means of D-brane probes of 
codimension one along the field theory dimensions, see ref. [6]), the addition of D-brane 
probes permits the introduction of open string degrees of freedom into the gauge/gravity 
correspondence. One can try to generalize the AdS/CFT correspondence by adding brane 
probes and identifying the fluctuations of the probe, which correspond to degrees of freedom 
of open strings connecting the probe and the branes that generated the background, with 
fundamental hypermultiplets of dynamical matter fields of the dual field theory [12]. Let us 
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mention that, following this program, in ref. [13] the explicit determination of the Killing 
spinors of the Klebanov-Witten model allowed us to systematically apply the kappa symme- 
try technique in order to study the possible supersymmetric embeddings in that background 
for D3, D5 and D7-brane probes. 

The structure of this work is the following: in the next section of this chapter we present 
the SUSY variations of the IIB SUGRA fermionic fields. In chapter 2 we compute the Killing 
spinors for the different resolutions of the conifold by using a lOd background (constructed 
in [14]) arising from the uplift of a certain configuration in 8d gauged supergravity consisting 
of a D6-brane wrapping an S 2 . Some results of this chapter, such as the form of the metrics 
of the singular and deformed conifold and the projections satisfied by their Killing spinors, 
are used in the following chapters where we deal with lOd SUGRA solutions constructed 
over the singular conifold or over its deformation. The aim of chapter 3 is to determine 
the Killing spinors of the Klebanov-Witten solution [7]; we solve the SUSY equations in a 
frame such that the Killing spinors do not depend on the angular coordinates of the conifold. 
Chapter 4 is devoted to the Klebanov-Tseytlin model [15]: we briefly introduce it and again 
we are able to write the Killing spinors in a frame where they do not depend on the angular 
coordinates of the conifold. In chapter 5 we deal with the Klebanov-Strassler solution [16], we 
describe it and by computing its Killing spinors we show that the requirement of preserving 
the same supersymmetries as in the solution corresponding to a D3-brane at the tip of the 
deformed conifold fixes the values of the three-forms to those found in ref [16]. In chapter 
6 the Killing spinors of the non- commutative deformation of the Maldacena-Niinez solution 
[17] are explicitly computed. This calculation follows closely the one performed in [18] 
for the commutative case [19, 20] and, in fact, the Killing spinors of the non-commutative 
background can be written in terms of the ones of the commutative geometry by means of 
a rotation along the non-commutative plane. Finally, in chapter 7 we summarize our results 
and give some remarks. 

The results of the computations performed in chapters 3 and 5 were published in ref. 
[13]; as it was said, the knowledge of the Killing spinors of the Klebanov-Witten model 
was essential for the kappa symmetry analysis carried out there. The Killing spinors of 
the Klebanov-Strassler model were included in the appendix of [13] as an starting point to 
extend the study of supersymmetric embeddings to that more interesting solution. The form 
of the Killing spinors of the non-commutative Maldacena-Niinez solution was published in 
the appendix of [21] where we studied the addition of open string degrees of freedom to that 
background. 

Last, let us briefly comment on the ten dimensional IIB SUGRA solutions arising from 
the whole new class of 5d Sasaki-Einstein manifolds Y p ' q , recently constructed in [22, 23]. It 
was shown [24, 25] that the lOd backgrounds AdS 5 x Y p ' q are dual to four dimensional super- 
conformal quiver gauge theories. The authors of [26], by performing a similar computation 
to the ones presented here, determined explicitly the Killing spinors of the lOd background 
in order to study the addition of brane probes. Recently, in [27] that study was extended to 
more general backgrounds of the form AdS 5 x L p ' q ' r , where L p ' q ' r is the more general family 
of 5d Sasaki-Einstein manifolds constructed in [28, 29]. 
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1.1 SUSY transformations 

In the backgrounds we will consider the fermionic fields (the dilatino and the gravitino) have 
vanishing expectation values, so the SUSY variations of the bosonic fields are trivially zero. 
Then, the Killing spinors are obtained by requiring the vanishing of the supersymmetry 
variations of the fermionic fields of the theory. 

In the type IIB theory the spinor e is actually composed of two Majorana-Weyl spinors 
and 6r of well defined ten-dimensional chirality, which can be arranged as a two-component 
vector: 

Z) ■ (LL1) 

However, one can use complex spinors instead of working with the real two-component spinor 
written in eq. (1.1.1). In terms of e# and 6l the complex spinor is simply: 

e = e L + ie R . (1.1.2) 

For type IIB SUGRA with constant Ramond-Ramond scalar the supersymmetry varia- 
tions are [30]: 

sx = I d N <p r^V - ^ r§l NaNa r^ 3 e 



2 T 24 



# M = D M e + —F£l. N J N ^T M e + 



+ ^ J&n, ( - « ) e* , (1.1.3) 



where T Nl "' Nn stands for the antisymmetric product r^ 1 • • • T Nn ^ . X(ip) is the dilatino 
(gravitino), 4> is the dilaton, is the selfdual Ramond-Ramond (RR) five-form, and 
is the following complex combination of the Neveu-Schwarz-Neveu-Schwarz (NSNS) (H) and 
RR (F^) three-forms: 

^NiN 2 N3 = 9s 2 H NiN2Na + igi F$ N2Ns . (1-1-4) 
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Killing spinors of the resolutions of 
the conifold 

2.1 The resolutions of the conifold in lOd Supergravity 

The conifold is a non-compact Calabi-Yau threefold with a conical singularity. Its metric 
can be written as ds^ = dr 2 + r 2 dsyi.i, where ds^i,i is the metric of the T 1,1 coset (SU(2) x 
SU(2))/U(1), which is the base of the cone. The T 1,1 space is an Einstein manifold whose 
metric can be written [31] explicitly by using the fact that it is an U(l) bundle over S 2 x S 2 . 
Actually, if (#i,0i) and (# 2 ,02) are the standard coordinates of the S^'s and if ip e [0, 47r) 
parameterizes the U(l) fiber, the metric may be written as 

<*4m = I ( dd i + sin 2 0i#?) + I f # + ^cos^i) . (2.1.1) 
" i=i 9 \ i=i / 

The conical singularity can be resolved in two different ways according to whether an 
S 2 or an S 3 is blown up at the singular point [31]. The former is known as the resolved 
conifold, while the latter is the deformed conifold. Both geometries appear naturally as 
supergravity duals of D6-branes wrapping an S* 2 . The natural framework for this problem is 
the eight dimensional Salam-Sezgin gauged supergravity [32] where the D6 become domain 
walls. The eleven dimensional geometry resulting from uplifting the 8d supersymmetric 
solution (remember that this 8d SUGRA comes from compactification of the lid SUGRA 
on an SU (2) manifold) consists of a fibration of the S* 2 over the S* 3 of the compactification 
due to the twisting that must be performed to get a supersymmetric solution. The resulting 
lid metric [34] is of the form R 1,4 x y 6 , where 3^6 is a cone whose base is topologically S 2 x S* 3 
and the radial coordinate of the cone is the distance to the domain wall in the 8d geometry. 

It was shown in [14] that the singular, deformed and resolved conifold (and their general- 
izations with one additional parameter) are obtained as different solutions of the same system 
of differential equations, which follows from the vanishing of the 8d SUGRA supersymmetry 
variations (5xi = Sip a = ; i — 1, 2, 3 ; a — 0, 7) for an ansatz of the form: 

ds\ = e 2f dx\ A + e 2h dtt\ + dr 2 , (2.1.2) 
A'=g{r)a\ A 2 = g(r) a 2 , A 3 = a 3 , (2.1.3) 
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where dQ 2 , = dQ\ + sin 2 9 1 d<j)\ is the metric of an S 2 , f = f(r) , h = h(r), and A 1 {% = 1, 2, 3) 
is the gauge field along the S 2 , and we have defined a' 1 (i = 1,2,3) as the Maurer-Cartan 
one-forms, namely: 

a 1 = d6 1 , a 2 = sin6 1 dfa , a 3 = cos9 1 dfa , (2.1.4) 

which satisfy da 1 — — \ a j A a k . 

When uplifting to eleven dimensions we impose that the unwrapped part of the metric 
corresponds to flat five dimensional Minkowski spacetime; thus we get the relation / = |. 
Let uj 1 for % — 1, 2, 3 be a set of SU(2) left invariant one forms of the external S 3 satisfying 
dio 1 = \eijk<jji A u k . Then, the eleven dimensional metric is [32]: 

ds 2 u = dxl A + e 2h -^dn 2 2 + e"fdr 2 + 4ef +2X (L0 1 +ga 1 ) 2 + 

+ Ae^ +2X {u 2 + ga 2 ) 2 + Ae^ AX {u 3 + a 3 ) 2 , (2.1.5) 

where = <f>(r) is the dilaton of the 8d solution and A = A(r) is a scalar in the coset 
SL(3,M)/SO(3) of the 8d solution [34]. 

Therefore, once one imposes the vanishing of the 8d gauged SUGRA supersymmetry 
transformations, this uplifted metric is brought into the form IR 1,4 x y 6 . y 6 being either the 
resolved, the deformed, or the singular conifold, according to the different solutions of the 
aforementioned first order system [14] resulting from the eight dimensional SUSY equations. 

By performing a Kaluza-Klein reduction along one of the flat spatial directions of the 
metric (2.1.5), we get the following ten dimensional ansatz: 

ds 2 w = dxl 3 + e 2h -^dn 2 2 + e~'fdr 2 + 4e^ +2X (uj 1 +ga 1 ) 2 + 

+ Ae^ +2X {u 2 + ga 2 ) 2 + Ae^- AX {u 3 + a 3 ) 2 , (2.1.6) 

with no fluxes and constant dilaton. The reduction leading to (2.1.6) was performed along 
one flat spatial direction. Therefore, we expect that by imposing the vanishing of the lOd 
SUSY transformations for this lOd metric, we will arrive at the same first order system as for 
the 8d background (2.1.2) [14]. Thus, the metric will be of the form IR 1 ' 3 x y 6 , where y 6 is 
the resolved, the deformed or the singular conifold, according to the different solutions of the 
system of equations. Moreover, since we are working directly in the uplifted lOd background, 
we will get the explicit form of the Killing spinors for the different ten dimensional metrics 
IR 1 - 3 x y 6 . 

2.2 Killing spinors 

In this section we will compute the Killing spinors of the lOd background (2.1.6). By requiring 
the vanishing of the SUSY variations written in eq. (1.1.3) we will obtain some projections 
to be satisfied by the lOd spinor e, together with some differential equations for the unknown 
functions entering the ansatz, namely g, 0, A, and h. The projections imposed on e reduce 
the number of supersymmetries while the different solutions of the differential equations give 
rise to the different resolutions of the conifold. 



2.2. KILLING SPIN ORS 



9 



The vanishing of the SUSY variations (1.1.3) for the background (2.1.6) (which has no 
fluxes) results in the following equations: 

D m e = 0, (2.2.1) 

where rh runs along the basis formed by the differentials of the coordinates of the geometry 
and e is a lOd spinor. Henceforth we will use indices with tilde when referring to the basis 
formed by the differentials of the coordinates, i.e. e m = dX m . 

Since the geometry (2.1.6) comes up in the framework of 8d gauged supergravity, the 
Killing spinors should not depend on the coordinates of the SU (2) group manifold, and, 
due to the aforementioned SUSY twisting, neither should they depend on the remaining S 2 . 
Moreover, the ten dimensional metric can be expressed as the trivial product R 1 ' 3 x 3^ so 
the Killing spinors should not depend either on the flat space coordinates. Indeed, let us 
consider the natural one-form basis e a for the ten dimensional metric (2.1.6): 

e x " = dx a , {a = 0,1,2,3) , e r = e~$ dr , 

e 1 = e h ~i d9 l , e 2 = e h ~$ sin 6 l dfa , 

e 1 = 2e^ +x (u 1 + g a 1 ) , e 2 = 2e^ +A (cu 2 + g a 2 ) , 

e 3 = _ 2A ^ 3 + ^ {2 ^ 2) 

Let us point out that the covariant derivative appearing in eq. (2.2.1) can be written 
as: D fn = dm + \ uj^T a i^ where dm denotes the usual partial derivative with respect to 
the coordinate X m and u m b stands for the components of the spin connection one- form tu ab , 
namely: 

u ab = u m b dX™ . (2.2.3) 

The indices a, b run along the frame (2.2.2). So T a b denotes the antisymmetrized product of 
two constant Dirac matrices T a and 1^ , (a,b = x a , r, 1, 2, 1, 2, 3) associated to that frame. 
The spin connection one- form u ab is defined by the Cartan equations: 

de a + uj\ A e b = 0. (2.2.4) 

Hence, in order to determine the different components of the spin connection, we insert the 
derivatives of the one-forms (2.2.2) and a generic ansatz for u ab into eq. (2.2.4). As we will 
see, it will become useful to write uj ab in the frame (2.2.2), it takes the form: 

uj^b = o , (a = 0,1,2,3) , 

oo lr = el {h'-jj e 1 + e^~ h g' e\ u 2r = J (h> - | ) e 2 + e^ x ~ h g' e 2 , 
J r = el(\' + ^-) e 1 + e^ +x ~ h g' e 1 , J r = J (\' + ?f\ e 2 + e^ h g' e 2 , 



10 CHAPTER 2. KILLING SPINORS OF THE RESOLUTIONS OF THE CONIFOLD 



Jr = e i ^-2A'j e 3 , J 1 = -e^ +x ~ h g' e r , u 22 = -e^ +x ' h g' e r , 
co 21 = ei- h cot9e 2 + ef- 2X - 2h (g 2 - l) e 3 , 
u,™ = el~ h cosh (3A) g e 2 - - e~% ~ 4X e 2 , 

cu 23 = 1 e"f " 4A e 1 - el~ h cosh (3A) g e 1 , 

^ 2 = uj 1 2 = _ e |-h ginh (3^ g e 3 ^ 

J* = _ e |-h ginh (3A) ^ e i _ e 4|-2A- 2?i ^2 _!)«,!, 

w 31 = ef " h sinh (3A) <j e 2 + e 4 f - 2A ~ 2/l (<? 2 - l) e 2 . (2.2.5) 

The prime appearing in these expressions denotes the radial derivative (for instance 0' = ^). 
It is not difficult to switch to the basis formed by the differentials of the coordinates; one can 
write = E^u® b , where E^ are the coefficients appearing in the expression of the frame 
one-forms (2.2.2) in terms of the differentials of the coordinates, i.e. e a = e™ = E^dX 71 . 

Once we have determined the spin connection of the geometry, by writing explicitly eqs. 
(2.2.1) we will get a system of differential equations for g, 0, A, and h, together with some 
algebraic constraints and some projections imposed on e. Indeed, we start by subjecting the 
spinor to the following angular projection: 

r 12 e = -r i 2e, (2.2.6) 

which arises naturally [34] in the framework of the 8d gauged SUGRA when requiring that 
the D6-brane wraps a two-cycle inside a K3 manifold. 

Then, since we are assuming that e only depends on r, it will become easier to write 
the equations (2.2.1) directly in the indices running along the frame (2.2.2), i.e. D a e = 0, 
resulting: 

oo a jT ab e = 0, (2.2.7) 
ufT ab e = ufT ab e = ul b T ab e = ufT^e = u a 2 b T ab e = , (2.2.8) 

and ei (d r + J ujf T ab ^j e = , (2.2.9) 
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where in the last equation we have used that D r e = (E-y 1 D f e. Since = 0, eqs. (2.2.7) 
are trivially satisfied. Inserting the spin connection and using the projection (2.2.6) in the 
first equation of (2.2.8), namely u^ b T a b€ = 0, one gets: 



A' + -0') e 



e< p + x-h g , _ 1 e - -4A Tr Tm _ e - h ginh (3A) g Tr r ^ 



e . 



(2.2.10) 



The equation cu? F ab e = yields again eq. (2.2.10). While from the third equation in (2.2.8) 
we get: 



-0' - 2A' ) e 



- e~* (e" 4A - 2e 2A ) - e^ 2X - 2h (g 2 - l) 

+ 2 e~ h sinh (3A) g T r r i2S e . 
The last two equalities in (2.2.8) render the same equation: 

- e* +x - h g r\i + e - * cosh (3A) 5 T r r i2S + 



(2.2.11) 



123 



(2.2.12) 



One can combine equations (2.2.10) and (2.2.11) to get rid of A', resulting: 



/ e + e ^-h g'r^e+H e*- 2X - 2h (g 2 + \ e~* (e~ 4A + 2e 2X ) 



r r r i2g e = 0. (2.2.13) 



Then, from this last equation it is clear that the lOd spinor e must satisfy the following 
projection [14]: 

r r r i 2 3 e = -(/3 + /3r il )e, (2.2.14) 



where (3 and (3 are functions of the radial coordinate given by 



0' 



- e* 
2 



-2\-2h 



(gi-lj + Le-O (e" 4A + 2e 2A ) 
(^ 2 -l) + i e -* (e- 4A + 2e 2A ) 



0, 



0. 



(2.2.15) 
(2.2.16) 



Since (T r r^) 2 e = e and {IVr^, T^} = 0, by squaring (2.2.14) one can check that (3 2 +(3 2 = 

(2.2.17) 



1 and thus we can represent (3 and (3 as 

(3 = cos a , /? = sin a . 
Hence, the projection (2.2.14) can be written as 

r r r i23 e = -e ar iie, 

and then, solved as 



(2.2.18) 



e = e 2 r iie, T r r i2 3e = -I. 



(2.2.19) 
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Since we are working in type IIB SUGRA, the lOd spinors have well defined chirality. Then, 
they verify the following equality: r :r o_ r 3r r r i2 j23 e = —€. Using this identity together with 
(2.2.17) and the two-cycle projection (2.2.6), the projection (2.2.14) can be rewritten as 

r x o... x 3 (cos a r 12 — sin a r i2 ) e — e , (2.2.20) 

showing that the D6-brane is wrapping a non trivial two-cycle inside the six dimensional 
manifold y 6 . This cycle mixes the S 2 of the eight dimensional geometry (2.1.2) with the 
external S 3 (along which, the reduction to 8d SUGRA was done). Thus, the phase a imple- 
ments the twisting we mentioned in section 2.1 (below (2.1.1)). 

Next, by inserting projection (2.2.14) and equation (2.2.15) into (2.2.11), one gets: 



-2A' + 



"3 6 



-2\-2h 



{ 9 2 -l) + \e-*(e-^-e^) 



(3 + 2e~ h sinh (3A) g (3 \ e 



= ^2e~ h sinh(3A) g (3 



_^-2X-2 h ^2 _ 1 



-e 



e" 4A -2e 2A 



/3 r il£ , (2.2.21) 



which consists of an equation for A' and an algebraic constraint: 



A' 



-2\-2h 



(g 2 - l) + i e'* (e~ 4A - e 2A )| (3 + sinh (3A) g (3 , (2.2.22) 



e~ h sinh (3A) g (3 + 



-2\~2h 



(« 



-4A 



2e 



(3 = 0. (2.2.23) 



In order to get an equation for h' we can use equation (2.2.13) to eliminate 0' from equation 
(2.2.12), hence we get: 



U e = — e^ +x - h g' e + e~ h cosh (3A) g T r e + 
3 



i 

+ 6 



5e 4 



-2\-2h 



(g 2 - l) - je~* (e" 4A + 2e 2A ) 



T r Tj23 e , 



(2.2.24) 



which after inserting eq. (2.2.14) renders a differential equation for h! and a new algebraic 
constraint: 



ti = -e~ h cosh (3A) g (3 + 



6 



_^-2X-2h ^ 2 _ i) + 1 e -* (e-^ + 2e 2A ) 



(2.2.25) 



e- h cosh(3A) g f3 + 



b-2\-2h 



(e- 4 ^ + 2e 2A ) 



(3 = , (2.2.26) 



where we have used eq. (2.2.16) to get rid of g' . 

To sum up, from equations (2.2.8) we have got a system of differential equations, namely 
(2.2.15), (2.2.16), (2.2.22), and (2.2.25); two algebraic constraints: (2.2.23) and (2.2.26); and 
the projection (2.2.14). This projection is compatible with (2.2.6) and both leave unbroken 
eight supercharges. As it was shown in [14], the algebraic constraints have two different 
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solutions resulting in two truncations of the system of differential equations and therefore, in 
two different internal manifolds 3^6 • One solution leads to the generalized resolved conifold 
and the other to the generalized deformed conifold. 

It remains to determine the radial dependence of the lOd spinor; it will be fixed by 
equation (2.2.9), which for the spin connection (2.2.5) reduces to: 

et e' + X - (ul 1 r h + J r 2 r 22 ) e = , (2.2.27) 

where e' = ^, and we have taken into account that cj~ b = uo^ b . By inserting projection 
(2.2.6) and the corresponding components of the spin connection into this last equation one 
arrives at 

e +e' p+x - h g'T h e = , (2.2.28) 
and after inserting (2.2.19), it results in the two following equations: 

e' = , (2.2.29) 
a' = -2e 0+A ~ V • (2.2.30) 

This last equation determines the radial dependence of the phase a, while (2.2.29) implies 
that the spinor e is independent of r. Therefore, the lOd Killing spinor e can be written as: 

e = e -§r llg ^ (2.2.31) 
where e is a constant lOd spinor satisfying the projections: 

r r rj23e = -e, r 12 e = -r i2 e. (2.2.32) 

As mentioned above, both projections are compatible since [rvr^ , r i2 j 2 ] = 0. Thus, the 
lOd SUGRA solution (2.1.6) leaves unbroken eight supersymmetries. 



2.3 Solving the equations 

In this section we will sum up the solutions (obtained in [14]) for the system of differential 
equations and algebraic constraints we got in the last section (eqs. (2.2.15), (2.2.16), (2.2.22), 
(2.2.23), (2.2.25) and (2.2.26)). This system determines the geometry of the 6d internal part 
3^6 of the ten dimensional geometry R 1 ' 3 x 3^6 (2.1.6). In this approach we get the metrics of 
the generalized resolved and deformed conifold written in a form which will be very useful 
in the next chapters when computing the Killing spinors of several lOd backgrounds. 
The algebraic constraints (2.2.23) and (2.2.26) can be combined to get: 

tan „ = | = -2^ 9 = ^ h ^ . (2.3.1) 

The first part of this equation allows us to write a in terms of the remaining functions, while 
the last equality yields the following constraint: 



9 



g 2 _ i _|_ I e -2^2\+2h 



, (2.3.2) 
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which clearly has two solutions. One of them is g — 0, corresponding to (3 — , (3 = 1 (then 
a — 0). In this case the system of differential equations reduces to the one studied in [34], 
whose integral leads to the generalized resolved conifold [37]: 



-l P 2 ( 2 V 

ds 2 6 = Kp)] 1 d p 2 + -q K i.P) [dip + Xj cos ° a d ^J + 



1 

+ 6 



with k(p) being: 



(p 2 + 6a 2 ) [dOl + sin 2 °i d <p 2 ) + p 2 [dQ\ + sin 2 9 2 d(f>l) 

p 6 + 9a 2 p 4_ 6 6 

K[p) = 



(2.3.3) 



(2.3.4) 



p 6 + 6a 2 p 4 

where a and b are constants of integration. In equation (2.3.3) p is a new radial variable 
and (02,02jVO are the angular coordinates of the external S 3 . We have taken into account 
that in terms of these coordinates the left-invariant one-forms of the three-sphere (referred 
to above eq. (2.1.5)) can be written as 



w 



sin if> sin # 2 d<p2 + cos if) d9 2 , 



w 2 = — cos if) sin 6 2 d(f>2 + sin ip d9 2 , 

w 3 = dip + cos 6 2 d<p 2 , (2.3.5) 
with 9 2 £ [0, 7r], 02 £ [0, 2n) and -0 e [0, An). So (2.3.3) can be equivalently written as 



ds 2 6 



Hp)}' 1 dp 2 + p - ( ( r 3 + c 3 ) 2 + 



+ 6 



(p 2 + 6a ; 



a 



a 



+p 2 ((V) 2 +(c 2 y 



(2.3.6) 



The constants of integration a and b (appearing in (2.3.4)) provide the generalized resolution 
of the conifold singularity [35]- [37]. The case 6 = corresponds to the resolved conifold: it 
is easy to see that for p = we get an S* 2 of finite size a 2 instead of a singularity. For a = 0, 
b = we get back the metric of the singular conifold written in the following form: 



dsi =d P 2 + ^ ^ + u 3 ) 2 + £ [(af + (. 2 ) 2 + (^y + 



(2.3.7) 



The second solution of the constraint (2.3.2) leads to a non trivial relation between g and 
the remaining functions of the ansatz, namely: 



9 2 = l-~ A e 



-2<p-2\+2h 



'2.3.1 



The corresponding values of (3 and (3 are: 



X+h 



, P = -g. 



(2.3.9) 
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Plugging these results into the differential equations (2.2.15), (2.2.22), and (2.2.25) one 
arrives at the first order system: 

8 



1 

24 



y _ _±_ e -2<j)+\+h _ }_ e 3A-/t _|_ * e -3A-h 

2 



i 

2 



. / _ '_ ~2<t>+\+h , \ „Z\-h , 1 „-3\-h 

12 6 + 2 6 + 2 6 



while from (2.2.16) one gets: 



g> = -±e-*+* +h g . 



These equations can be straightforwardly solved, resulting: 

/} (cosh r) 5 , 



(2.3.10) 



(2.3.11) 



3\t 



(cosh r) 6 K(t)i , 



5 i sinh r . . i 
26 36/i r^(r)5 , 



(cosh r) 3 



1 



with 



coshr ' 
(sinh(2r) - 2t + C)^ 



(2.3.12) 



(2.3.13) 



23 sinhr 

ft and C are constants of integration and r is a new radial coordinate defined by means of 
the differential equation: 

1 

2 



dr = - e 2X ~* dr . 



(2.3.14) 



After inserting the solution (2.3.12) the lOd metric (2.1.6) becomes 

ds-^Q — dx g ~~ \~ ds q ■ 

with 

1 



(2.3.15) 



dsl = - A* 3 K(t) 



^ ( ^ + {w 3 + ctV) + | |^ ({ct1 , 



3K(t) 

cosh r 
+ - 



2\2 



+ 



coshr ^ + ( w "''coghT-) 



(2.3.16) 
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which is the metric of the generalized deformed conifold [36]. For C — it describes the 
deformed conifold, with \x (which is just: \x = 2~ 3* /}) being the deformation parameter. It 
is not difficult to write this 6d metric in the standard form of [16]: 



3K(rf 



dr 2 



sinh 



+ coBh 2 (I) ((s 3 ) 2 + (s 4 ) 



where we have defined the following set of one-forms: 



9 



a 3 +cu 3 



(2.3.17) 



(2.3.18) 



Furthermore, one can easily see that for r — > the metric of the deformed conifold degen- 

erates into dVt 2 = (|) ' 
round S* 3 . 



1 (9 5 ) 2 + (g 3 Y + (g 4 Y j which, as expected, is the metric of a 



,3\2 



vh 2 



2.3.1 Killing spinors of the deformed conifold 

It will become useful to write down explicitly the Killing spinors of the lOd metric R 1,3 x 3^6 
when 3^6 corresponds to the deformed conifold. One just have to insert the particular solution 
(2.3.12) corresponding to the deformed conifold into the general expression for the Killing 
spinors written in equation (2.2.31). Thus, one gets: 

e = e - t r ii77 , (2.3.19) 

where 77 is a constant lOd spinor satisfying the projections 

T rT m V = -V, r i2 V = ~ r i2 V » (2.3.20) 

and the angle a is given by: 

1 sinhr 

sin a = — , cos a = — - — . (2.3.21) 

cosh r cosh r 

As before, T a , (a = x a , r, 1, 2, i, 2, 3) are constant Dirac matrices associated to the frame 
(2.2.2), which for the particular solution (2.3.12) becomes: 

2 

e x " = dx a , (a = 0, 1, 2, 3) , e r = rfr , 
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. [A \Jk(t) sinhr 



Vcosh- 



a\ (i = l,2), 



^^V^(«,' + ^),(i = i,2), 



2 



fj,3 



e 3 = _T - («; 3 + a 3 ) . (2.3.22) 
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Chapter 3 



Killing spinors of the 
Klebanov-Witten model 

3.1 Introduction 

In this chapter we will thoroughly present the computation of the Killing spinors of the 
Klebanov-Witten (KW) model [7]. We will briefly introduce the background and, using 
some results of the previous chapter, we will construct a one-form frame in which we expect 
that the Killing spinors do not depend on the angular coordinates of the conifold. Before 
solving the equations resulting from the vanishing of the SUSY variations, we will have 
to express the fields of the model in that new frame and also determine the form of the 
spin connection. Finally, in order to get the explicit form of the Killing spinors of the KW 
model when global coordinates are used for the AdS$ part of the metric, we will repeat the 
calculations for the corresponding one-form frame. In both cases we will be able to write the 
Killing spinors of the theory in terms of a constant lOd spinor satisfying two independent 
(and compatible) projections, which reduce the number of independent components of the 
spinor and thus, the number of unbroken supercharges, from 32 to 8 real components as it 
was expected. 

This calculation was schematically published in ref. [13], since the explicit expression of 
the Killing spinors was essential for the kappa symmetry analysis carried out there. 

3.1.1 The Klebanov-Witten model 

The so-called Klebanov-Witten background is constructed in ref. [7] by placing a stack of 
N D3-branes at the apex of the singular conifold. By adding four Minkowski coordinates 
to the conifold we construct a Ricci flat ten dimensional metric. Let us now place a stack 
of N coincident D3-branes extended along the Minkowski coordinates and located at the 
singular point of the conifold. The resulting IIB supergravity solution is the KW model. 
The corresponding near-horizon metric and Ramond-Ramond selfdual five-form are given by 

ds 2 10 = [h(r)]~* dx 2 13 + [/i(r)]s (dr 2 + r 2 ds 2 T ^) , 



19 



20 CHAPTER 3. KILLING SPINORS OF THE KLEBANOV-WITTEN MODEL 



L A 

h ( r ) = 71 > 
9s F (5) = d 4 x A dh- 1 + Hodge dual , 

L 4 = ^ng s Na' 2 . (3.1.1) 

By plugging the explicit form of the warp factor into the metric, it can be written as 

r 2 L 2 

ds lo = T^ dx l3 + ^ dr ' 2 + L 2 ds 2 T ^ , (3.1.2) 

which corresponds to the AdS 5 x T 1,1 space. 

It was shown in ref. [7] that the gauge theory dual to this supergravity background is an 
J\f = 1 superconformal field theory with some matter multiplets. 



3.2 Killing spinors 

To obtain the explicit form of the Killing spinors, one has to look at the supersymmetry 
variations of the dilatino and gravitino (see eq. (1.1.3)). Since the dilaton is constant and 
there is no three- form flux, the variation of the dilatino vanishes trivially (5X = 0). We are 
left with the equations: 

fy M = D M e + ^ ^nI-n b T n ^T m 6 = 0. (3.2.1) 

The final result of the calculation is greatly simplified if we choose the basis of the frame one- 
forms that arises naturally when the T 1,1 metric is written as in eq. (2.3.7) of the previous 
chapter, namely: 

*4m = \ ( (^) 2 + (^) 2 + (^) 2 + (^) 2 ) + \ ( ^ + ^ f , (3-2-2) 
9 

with the one-forms a % and uo l being given by equations (2.1.4) and (2.3.5). Let us recall 
that this form of writing the T 1,1 metric comes up in the framework of the eight dimen- 
sional gauged supergravity obtained from a Scherk-Schwarz reduction of eleven dimensional 
supergravity on an SU (2) group manifold [32] . Indeed, it was obtained as the gravity dual 
of D6-branes wrapping an S 2 inside a K3 manifold [34]. Then, from the consistency of the 
reduction leading to the gauged supergravity, the Killing spinors should not depend on the 
coordinates of the £77(2) external manifold and, actually, in the one- form basis we will use 
they do not depend on any angular coordinate of the T 1,1 space. Accordingly, let us consider 
the following frame for the ten dimensional metric (3.1.1): 



e* a = J -dx a , (a = 0,1,2,3) , e r = - dr , 
L r 
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e l = ^\ (< = 1,2) , 
e l = ^w\ (2 = 1,2), 

e 3 = - (w 3 + a 3 ) . (3.2.3) 
3 

In this frame, the self dual RR five-form reads: 

9s = i (e* A e xl A e" 2 A e x ' A e r + e 1 A e 2 A e 1 A e 2 A e § ) . (3.2.4) 

3.2.1 Spin connection 

Let us recall that, as we have mentioned in the previous chapter, the covariant derivative 
appearing in the SUSY equations (3.2.1) can be written as 

An = 0m + J«4 6 r o6 , (3.2.5) 

in the frame formed by the differentials of the coordinates. So dm denotes the derivative 
with respect to X m and, as before, stands for the components of the spin connection 
one-form in that basis, namely: 

w ah = w£dX ih . (3.2.6) 

Then, in order to solve equations (3.2.1) we need the spin connection one-form u ab of the 
background (where a and b are indices running along the one-form basis (3.2.3)). We will 
compute the spin connection for a metric of the form (3.1.1) but with a generic warp factor 
h(r) instead of h(r) = Thus, the corresponding frame is: 

e xa = h~^dx a , (a = 0,1,2,3) , e r = hS dr , 
e' = /i*-^=<7\ (^ = 1,2), 
~e l = ti^=w\ (2 = 1,2), 

e^ = h^(w 3 + a 3 ) , (3.2.7) 

which does not only correspond to the current background (for h(r) = -jx), but it also 
describes the Klebanov-Tseytlin metric, where h(r) is a more involved function of the radial 
coordinate as one will see in the next chapter. Let us call u ab to the spin connection 
corresponding to the generic frame (3.2.7); substituting the derivatives of the one-forms of 
the frame (3.2.7) together with a generic ansatz for uj ab into the Cartan equations (2.2.4) we 
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get: 



(h-*) e* a , (a = 0,1, 2, 3), 
u sr = h~* + h'^j e s , (s = 1, 2, 1, 2, 3) , 

Co 12 = i/He 3 - — cot 0i r?e 2 , 
r r 

a) i2 = -ri e ^-— cot 0i /He 2 , 
r r 

r r 

^ 2 = -h'h\ u^ = --h-\~e 2 . (3.2.8) 
r r 

We have expressed the resulting one-form in the frame (3.2.7), for, as one will see below, 
it will be more useful to work directly in that frame. Applying this result to the present 
background, i.e. plugging h(r) = -pr into (3.2.8), the spin connection of the Klebanov-Witten 
background, written directly in the frame (3.2.3), reads: 

w xar = -^e* a , (a = 0, 1,2,3), 

^ 12= 1 3 _^6 cQt0ie 2 ? 

Lj Lj 

j i= 2 g _ Ve^^ 

w Sl = -±e 2 , w^^Ie 1 . (3.2.9) 

One should keep in mind that the components in the coordinate basis, i.e. (3.2.6), can be 
easily computed in terms of the ones in (3.2.9): uj^ = E^uJ^ b . are the coefficients 

appearing in the expression of the frame one-forms (3.2.3) in terms of the differentials of the 
coordinates: e a = EtdX n . 



n 



3.2.2 Determining the Killing spinors 

Once we have computed the form of the spin connection, we can go back to equations (3.2.1). 
After substituting the selfdual five-form (3.2.4) they become: 

fl M f + -jV (r* * 1 * 2 ^ + r 12i2S ) r M e = o. (3.2.10) 
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T a , (a = x a , r, 1, 2, 1, 2, 3) are constant Dirac matrices associated to the frame (3.2.3). Using 
the identity satisfied by the chiral lOd spinors: T x o x sT r T l2 i2^ e = — e, these last equations 
can be written as 

D,e + Ar- o * w TV = 0, (fi = x°,x\x 2 ,x 3 ,r) , (3.2.11) 

D s e + ^r 12i ^r s e = 0, ( S = l,2,l,2,3) , (3.2.12) 

working directly in the frame (3.2.3). 

Since the spin connection does not mix AdS$ with T 1,1 components, we can solve these 
two sets of equations separately, though the projections we get from both sets must be 
compatible. Let us begin with the AdS 5 equations (3.2.11); we expect the spinor to depend 
on the AdS 5 coordinates so we will need to use the equality: 

D,e= (Eg)' 1 D^. (3.2.13) 

Then, by inserting the spin connection (3.2.9) and applying this last expression, one can 
bring equations (3.2.11) into the form: 

dx* e = r x a T r (1 - T„) e , (a = 0, 1, 2, 3) , (3.2.14) 

<9 r e = -^r*e, (3.2.15) 
with being defined as 

r* = i r x o x i x 2 x 3 . (3.2.16) 

These equations have two solutions: 

ei = Vre + , r* e+ = e+ , (3.2.17) 



e 2 = i\^=T r T* + j£x a T x c l je_ , r, e_ = -e_ , (3.2.18) 

where e± are lOd spinors independent of the AdS$ coordinates. The parameterization of 
the dependence of e 2 on the AdS 5 coordinates is the same as in ref. [38]. Each solution is 
obviously \ SUSY. After defining r\_ = — iT r e„ and i] + = e + , e\ and e 2 become: 

Cl = V^V+ , (3-2.19) 

e 2 =^-±= + y^-x a T r T x o}j r,_ , (3.2.20) 

with r]± being lOd spinors independent of the AdS$ coordinates and satisfying: 

r*77 ± = ±?7 ± . (3.2.21) 
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Thus, we have got two independent solutions of the supersymmetry equations for the AdS 5 
part (3.2.11), each one being | SUSY. Notice that whereas for the first solution, the spinor 
ei is independent of the coordinates x a and satisfies e\ — e\ ; for the second solution, e 2 
does depend on x a and it is not an eigenvector of r*. Both solutions can be unified in the 
following expression: 

1 + ~^~j~2 X<X (1 r,,. 



E*. 

f 2 



V , (3.2.22) 



where r] is a lOd spinor constant along AdS§ and the dependence on the AdS$ coordinates 
is parameterized as in ref. [38] . If we decompose i] according to the different eigenvalues of 
the matrix T*: r* rj± = ±r]±, we recover the independent solutions (3.2.19) and (3.2.20). 

It remains to solve the second subset of supersymmetry equations (3.2.12), the ones 
depending on the T 1 ' 1 part of the metric. Let us insert the solution we have found (3.2.22) 
into that equations. The T-matrices appearing in (3.2.22) commute with the even number 
of T 1,1 T-matrices in (3.2.12), resulting: 

D sV + ^ L T l2m T s r ] = 0, (s = l, 2,1,2,3). (3.2.23) 

One can check, using the spin connection given in (3.2.9), that these five equations are solved 
by a constant lOd spinor rj satisfying the usual projections of the T 1,1 (see [33]): 

T 12 r] = ir], r i5 77 = — i 77 . (3.2.24) 

Therefore, the Killing spinors of the model are given by the expression (3.2.22) in terms of a 
constant lOd spinor satisfying the projections (3.2.24). Furthermore, notice that the matrix 
multiplying r\ in eq. (3.2.22) commutes with Yyi and so the spinor e also satisfies the 
projections (3.2.24), namely: 

T 12 e = ie, T i2 e = -ie. (3.2.25) 

It is clear from eqs. (3.2.22) and (3.2.24) that our system is 1/4 supersymmetric, i.e. it 
preserves 8 supersymmetries, as it corresponds to the supergravity dual of an Af = 1 super- 
conformal field theory in four dimensions. 



3.2.3 Killing spinors using global coordinates 

It is also interesting to write down the form of the Killing spinors when global coordinates 
are used for the AdS 5 part of the metric. In these coordinates the ten dimensional metric 
takes the form: 



d? 2 



— cosh 2 p dt 2 + dp 2 + sinh 2 p dill + L 2 ds%\,i , 



(3.2.26) 



where d£l\ is the metric of a unit three-sphere parameterized by three angles (a 1 , a 2 , a 3 ): 



dttl = {da 1 ) 2 + sin 2 a\ {da 2 ) 2 + sin 2 a 2 {da 3 ) 2 ) , 



(3.2.27) 
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with < a 1 , a 2 < n and < a 3 < 2n. In order to write down the Killing spinors in these 
coordinates, let us choose the following frame for the AdS 5 part of the metric: 

e* = L cosh p dt , e p = Ldp , 

e al = Lsmhpda 1 , 

e a = L sinh p sin a 1 da 2 , 

e° 3 = Lsinhp sin a 1 sin a 2 da 3 . (3.2.28) 

We will continue to use the same frame forms as in eq. (3.2.3) for the T 1,1 part of the metric. 
The components of the spin connection corresponding to the AdS 5 part become: 

uj tp = sinhpdt , u ai p = cosh p da\ , 
UJ a 2 p _ cosn p s iYLaida 2 , 
uj a ' AP = coshp sinai smo^cta^ , 
w" 2 " 1 = cosai da 2 , 

u" 3 ™ 1 = cosai sma 2 da s , a;" 302 = cosa 2 <iQ;3 . (3.2.29) 

Notice that we have written the spin connection in terms of the differentials of the AdS$ 
coordinates. The selfdual five-form reads: 

9s F (5) = - (e 1 A e 2 A e 1 A e 2 A e 3 - e* A e p A e ai A e a ' 2 A e as ) . (3.2.30) 

Now we can solve the supersymmetry equations corresponding to the AdS^, part (namely 
eqs. (3.2.11)) using global coordinates. Written in the frame (3.2.28), they read: 

i 

D>Jt 6 ~~ 2L 7 ^ 6 = ° ' ^ = tlPl ai ' " 2 ' ' (3.2.31) 

where we have defined: 

7 = r* paia2 ° 3 , (3.2.32) 

and T M , (/i = t, p,ai,a 2 ,a 3 ) are constant Dirac matrices associated to the frame (3.2.28). 
We expect the Killing spinors to depend on the coordinates so we must proceed as in (3.2.13) 
to write the covariant derivative in terms of the derivatives of the spinor with respect to the 
global coordinates. Let us begin with the equation for p = p, which yields: 

d p e- % -Y p -ie = 0. (3.2.33) 

This can be easily solved as 

e = e^ rP ^e, (3.2.34) 
where e is a ten dimensional spinor independent of p. The equation for p = t renders: 

d t e = - l -Y t 1 e- ip ^ TP e. (3.2.35) 
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Inserting the form of e written in (3.2.34) into this last equation, we can solve for e in terms 
of a spinor e independent of p and t, namely: 



e = e - i 4 r *Te, (3.2.36) 

so we can write e as 



e = e <Srp 7e -i|r« 7 e. (3 .2. 3 7) 
The equations for the angular components are: 

<9 ai e = -ir Qlp e-^ rP7 e, (3.2.38) 

d a2 e = -\Uma 1 T a2p e' lpVPl -cos ai T a2ai )e, (3.2.39) 
<9 Q3 e = — - (sinaii sin a 2 T asP e~ ipTPy — cosai sin a 2 r° 3 ai — cosc^T 



i«3 »2 



e . 

(3.2.40) 

It is easy to solve these three equations in the order we have written them. After plugging 
(3.2.37) into the first equation we determine the dependence of e on «i. Then, the second 
equation fixes the (^-dependence and finally, from the third equation we get e in terms of a 
constant (along AdS$) lOd spinor eo [39]: 

e = e 2 1 e 2 1 e 2 e 2 e 2 €q . (3.2.41) 

As it happened when using cartesian coordinates, all the matrices in this last expression 
commute with the T-matrices appearing in equations (3.2.12) for the T 1,1 . Hence, eo must 
satisfy the same projections as the ones in (3.2.24), namely: 

r 12 e = ie , T i2 e = -ie . (3.2.42) 

Then, the Killing spinors of the KW model (when using global coordinates for the AdS 5 part) 
are given by the expression (3.2.41) in terms of a lOd constant spinor satisfying the projec- 
tions (3.2.42). It becomes clear that this solution leaves unbroken eight supersymmetries, as 
it was expected. 



Chapter 4 



Killing spinors of the 
Klebanov-Tseytlin model 



4.1 Introduction 



The goal of this chapter is to obtain the explicit expression of the Killing spinors of the lOd 
IIB supergravity solution known as the Klebanov-Tseytlin (KT) model. Proceeding as in 
the last chapter, we will solve the SUSY equations in a frame such that the Killing spinors 
are not expected to depend on the compact coordinates of the conifold. We will manage to 
express them in terms of a constant spinor subjected to three independent (and compatible) 
projections reducing the number of independent real components from 32 to 4, as it should 
be for a background that leaves unbroken 4 supercharges. 

4.1.1 The Klebanov-Tseytlin model 

This solution is constructed in [15] by placing iV D3-branes and M fractional D3-branes 
(wrapped D5-branes) at the singular point of the conifold. The D5-branes wrap a 2-cycle 
inside T 1 ' 1 and serve as sources of the magnetic RR three-form flux through the S 3 of T 1 ' 1 . 
The dual field theory is J\f = 1 SYM with gauge group SU(N + M) x SU(N) and two chiral 
multiplets. The non-vanishing three-form flux in the SUGRA solution is the source of the 
conformal symmetry breaking in the dual field theory. Thus, we expect the corresponding 
IIB SUGRA solution to have four supersymmetries. The near-horizon metric and the selfdual 
RR five-form of the solution are: 



dsl 
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[h(r)]-Uxl 3 + [h(r)] l i(dr 2 + r 2 ds 2 T ^) , 



27tt (a') 
4r 4 



,\2 r 



( 



r \ a / , r s2 



h(r) 



g s N + a (g s M) 2 In 



(4.1.1) 



with a = Jr- The RR selfdual five- form reads: 



F (5) = 27tt (a'f N eff d Vol (t 1,1 ) + Hodge dual , 



(4.1.2) 



27 
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where dVol (T 1,1 ) is the volume five-form of the T 1 ' 1 space and N e ff is the following function 
of r: 

3 



N eff = N+—g s M 2 \n , (4.1.3) 
and one can readily check that 

1 f F (5) = N U lA \ 

(4vrV) 2 Jt^ e// 1 ; 

Hence, the five-form flux acquires a radial dependence and it is not quantized. It can still 
be identified with the quantity N e ff defining the gauge group SU(N e ff + M) x SU(M) only 
at special radii = r exp ( fj^jf ) where k is an integer, so N e ff = N — kM. In fact, 
the logarithmic decreasing of N e ff(r), related to a continuous reduction in the numbers of 
degrees of freedom, is known as the RG cascade. This is mapped in the gauge theory side 
to a Seiberg duality cascade. 

The RR and NSNS three-forms can be written as 

Ma' A TT 3g s a' M , , A „ . 

F^ = —u 3 , H=J ^ — drAu 2 , (4.1.5) 

where Cji and 0)3 are the closed two- and three-forms of the conifold, which in terms of the 
left invariant SU(2) one-forms (2.3.5) and the Maurer-Cartan one-forms (2.1.4) become: 

Cj 2 = - (V A a 2 + uj 1 A uj 2 ) , uj 3 = (uj 3 + a 3 ) A uj 2 ■ (4.1.6) 

As we have said in the subsection 3.2.1 of the previous chapter, the metric of this geometry 
is described by the one-form basis (3.2.7) simply by changing the generic warp factor h(r) 
to h(r) written in (4.1.1). Then, let us define the following one-form basis: 

e a = e a (h(r)) , (a = x°, x 3 , r, 1, 2, 1, 2, 3) , (4.1.7) 

where e a (h(r)^j stands for the one-form frame resulting from the generic one written in eq. 
(3.2.7), after making h(r) = h(r). 



4.2 Killing spinors 

In order to determine the Killing spinors of this solution we have to solve the equations 
resulting from the vanishing of the SUSY variations (1.1.3). For this model with constant 
dilaton and three- and five-form fluxes they are: 



-^•^™ r ™^ = ? (4-2.1) 



n r 1 F (5) r iVi-JV 5r , , 1 <r( 3 ) / p N1N2N3 q rWi r N 2 N 3 \ * _ n 

1920 N i- N & L m e + —J- NlN2N:i {L M - \)d M 1 Je — U, 



(4.2.2) 
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where J 7 ^ is the complex combination of the RR and NSNS three-forms defined in (1.1.4). 
Let us write the RR five-form and the complex combination of the RR and NSNS three-forms 
in the one-form basis (4.1.7): 

= -h'h'i (e x ° A e xl A e x * A e x " A e r + e 1 A e 2 A e l A e 2 A e 3 ) , (4.2.3) 

j&) = ^fh-i (e 1 A e 2 + e 1 A e 2 ) A (e r + *e 3 ) , (4.2.4) 

where for simplicity we have taken g s — 1 and we have used that 

h'r 5 = -27tt (a' f g s N eff , (4.2.5) 

which results from differentiating the expression of h(r) given in eq. (4.1.1). 

Next, in order to write down the spin connection of the background we plug the warp 
factor h(r) into the generic spin connection (3.2.8) we computed in section 3.2.1. Then, the 
spin connection one-form for the KT model, expressed in the frame (4.1.7), reads: 

u x " r = (7H)' e x " , (a = 0,1,2,3) , 

u sr = /H (3 + 7^ _1 ) e s , (s = 1,2,1,2,3) , 

uo 12 = -h~* e 3 - — cot#i/He 2 , 
r r 

r r 



co 13 



u 32 



-- h * e 2 , cj 23 = - ft, 3 e 1 , 
r r 

^/He 1 , w 3l = -U-^e 2 . (4.2.6) 

We begin by solving the equation 5ip x i = for a lOd spinor e independent of the x a coor- 
dinates. After inserting the three- and five-forms written in (4.2.4) and (4.2.3) and the spin 
connection we have just computed, one gets: 

1 ~ ~ 5 % ~ ~ 5 

— g h' h~i T x i r e + - n h~* T x o x i x 2 x 3 T rx i e + 



+ h>i^ h * Txl ^ ri2r + Fi2r + iTi23 + e * = ° ' 



(4.2.7) 



where T a , (a = x a , r, 1, 2, 1, 2, 3) are constant Dirac matrices associated to the frame (4.1.7) 
and we have inserted the equality r x o... x 3r r .r i2 |23 e = — e, following from the well defined 
chirality of the lOd spinor e. Let us impose the SUSY cycle projection 

r 12 e=-r i2 e, (4.2.8) 
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which is again projection (2.2.6), arising naturally when the conifold is obtained from the 
8d gauged SUGRA. Thus, the third term of the supersymmetry equation (4.2.7) vanishes, 
and from the remaining ones we get the projection 

r x o x i x 2 x 3 e = —ie. (4.2.9) 

This is the projection corresponding to a D3-brane extended along the Minkowski space. It 
can be straightforwardly checked that the remaining equations Stp x a = are solved by the 
same projections (4.2.8) and (4.2.9), which can be inserted in the equality r x o .. x 3r r r i2 | 23 e = 
— e to get the following useful relation: 

T r ^e = -ie. (4.2.10) 

Now, we try to solve the equations for the angular components of the gravitino assuming 
that e is also independent of the coordinates of the conifold. The equation Stpi = becomes: 



-h 4 
2 



1 1 - - \ 1 

- + - ti h- 1 ) r lr + - r 32 

r 4 / r 61 



% *• 5 

e + - h' r x o x i x 2 x 3 r ri e + 

o 



9 Ma' - 3 

+ 16^" - 3F2) (IV + ^ € * = ° ' (42 - n) 

where in the second term we have inserted the total chirality projection r x o ... x sr r r i2 j23 e = 
— e. The last term of this equation vanishes after imposing the complex conjugate of eq. 
(4.2.10), so we are left with 

Y r (1 " T rl23 ) e = \ h'h' 1 (ir x o xlx2x 3 - 1) e, (4.2.12) 

where the right-hand side vanishes when imposing the projection (4.2.9). Hence, the equation 
renders the projection r rl23 e = e, which, after making use of (4.2.8), can be written as 

r ri23 e = -6. (4.2.13) 

The equations for the remaining angular components of the gravitino and the equation for 
the dilatino (5X = 0) are easily solved by imposing the three independent projections we 
have got, namely (4.2.8), (4.2.9) and (4.2.13). Finally, we write down the equation for the 
radial component of the gravitino assuming that e = e(r). Thus, as we have done in previous 
chapters, we should use that D r e = (E-) -1 D f e in order to write the covariant derivative in 
terms of e' = d r e. This time E^ are the coefficients appearing when writing the one-forms 
(4.1.7) in terms of the differentials of the coordinates. The equation 5ip r = reads: 

e'+ l -h' h 'r,,,,,.,,,., e + /H (r 12 + r i2 ) (-3 + % r r3 ) e * = 0. (4.2.14) 

The third contribution cancels out by virtue of (4.2.8) and if we also impose the projection 
(4.2.9) we arrive at 

e' + \h'hr 1 e = Q. (4.2.15) 
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Therefore, the Killing spinor of the Klebanov-Tseytlin model can be expressed in terms of a 
lOd constant spinor e as 

e = /He , (4.2.16) 
where eo satisfies three independent projections, namely: 

r x o x i x 2 x 3 e = — i e , r i2 j2e = eo, r r j 2 3eo = — e . (4.2.17) 

Thus, the model has 4 independent spinors as it should be for the supergravity dual of a 4d 
Af = 1 field theory. 

Recalling that ^ x °...x 3 ^r^ 12123 e o — — e o, the projections (4.2.17) can be reformulated as 

r x o x i x 2 x 3 e = —i eo , ri 2 eo = «e , r i2 e = — ie . (4.2.18) 

These projections, which in view of (4.2.16) are also satisfied by e, can be identified as 
the projection corresponding to a D3-brane along the Minkowski directions and the two 
projections of the T 1 ' 1 (see [33]). Hence, recalling the results of the previous chapter, one 
readily notices that these projections are the same as the ones fulfilled by the Killing spinors 
ei of eq. (3.2.19) in the last chapter. Those are the four spinors corresponding to the 
ordinary supersymmetries of the Klebanov-Witten background. In fact, the only difference 
between e written in eq. (4.2.16) and the four Killing spinors ei of the KW solution relies on 
the different radial dependence. Therefore, the breaking of conformal invariance due to the 
addition of the fractional branes in the Klebanov-Tseytlin model, translates into the loss of 
the four Killing spinors e 2 (3.2.20) realizing the superconformal symmetries. 
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Chapter 5 



Killing spinors of the 
Klebanov-Strassler model 

5.1 Introduction 

In this chapter we compute explicitly the Killing spinors of the Klebanov-Strassler (KS) 
solution [16]. This background has attracted a lot of interest during the last years since 
it is a gravity dual of M = 1 SYM with very nice features. It is constructed by placing 
fractional D3-branes and D3-branes on the deformed conifold, so in the UV it approaches 
the Klebanov-Tseytlin solution described in the last chapter and therefore, it incorporates 
the logarithmic flow of couplings. On the other hand, in the IR, where the KT model was 
singular, the deformation of the conifold gives a geometrical realization of chiral symmetry 
breaking and confinement. 

The structure of this chapter is as follows: in the first section we characterize the SUGRA 
background giving some hints into its construction. In section 5.2 we solve the SUSY equa- 
tions in a frame where the Killing spinors do not depend on the angular coordinates of the 
conifold. Finally, in section 5.3 we show that the differential equations for the functions 
entering the KS ansatz (see below) that we get from the SUSY equations are equivalent to 
the first order system appearing in ref. [16] plus an extra differential equation. 

The results of this calculation were published in [13] as the initial step of an extension of 
the kappa symmetry analysis carried out there to the more interesting KS background. 

5.1.1 The Klebanov-Strassler model 

The Klebanov-Tseytlin geometry described in the last chapter becomes singular at suffi- 
ciently small r, precisely at the end of the RG cascade. Then, in order to construct a 
SUGRA dual of the IR region of M = 1 SYM, one can substitute the singular conifold by 
its deformation. Hence, while for large r the geometry approaches the KT solution, at r = 
the geometry does not collapse but degenerates into a finite S* 3 . This fact gives a geometric 
realization of confinement and chiral symmetry breaking, which are fundamental features 
of the Af = 1 SYM expected at the end of the cascade. The resulting background is the 
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so-called Klebanov-Strassler [16] solution. The warped lOd metric is: 

ds 2 w = [h(r)]-Uxl 3 + [h(r)]Usl (5.1.1) 

where the six dimensional metric dsl is the one corresponding to the deformed conifold and 
r is the radial coordinate defined in (2.3.14). The metric of the deformed conifold is obtained 
from the one of the generalized deformed conifold written in eq. (2.3.17) simply by setting 
C — 0. Thus, it reads: 



dsi 



1 



dr 2 



sinh^ 



with 



K(t) 



(sinh(2r) - 2r) 3 



(5.1.2) 



(5.1.3) 



2s sinhr 

and the one-forms g l (i = 1,...,5) are defined in equation (2.3.18) in terms of the usual 
angular coordinates. 

As we have said in chapter 2, the metric of the deformed conifold reduces to the one of 
an S* 3 when r — > while it coincides with the metric of the singular conifold for r — > oo. 
Therefore, the RR three-form flux for this model reads: 

F {3) = [(1 - F) g 5 A g 3 A g* + F g 5 A g 1 A g 2 + F' dr A (g 1 A g 3 + g 2 A g*)} , (5.1.4) 

with F = F(t) satisfying F(0) = and F(t — > oo) = | in order to get an F^ lying along 
the S 3 when r — > while being equal to the one written in (4.1.5) when r — > oo, i.e. equal to 
the RR three-form flux of the Klebanov-Tseytlin model in the UV. Notice that, as usual, the 
prime after any radial function (for instance F') stands for the radial derivative (J^). The 
NSNS two-form potential B and its corresponding three-form field strength H are written 
as 

Ma' 



B = 



H = 



2 

Ma' r 



fg 1 Ag 2 + kg 3 Ag 4 



(5.1.5) 



dr A(f g 1 Ag 2 + k' g 3 Ag 4 ) +-(k- f)g 5 A(g 1 Ag 3 + g 2 Ag' 



(5.1.6) 

in terms of two undetermined radial functions / = /(r) and k = k(r). We are taking g s — 1. 
Finally, the five-form flux is constructed by taking: 
F (5) = jr(5) + Hodge dual ? 



^(5) = A F (3) = M ' K) 2 z(r) g l A g 2 A g 3 A g 4 A g5 



= 27M 2 (a , ) 2 ^(r)^Vol(T 1 ' 1 ) , 



(5.1.7) 
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where we have defined: 

J(r)=/(r) (1 - F(t)) + k(r) F(r) . 
The Hodge dual *JF^ 5 ) becomes: 

al{r) 



dx° A dx 1 A dx A A cfe 3 A dr , 



K 2 (t) h 2 sinh 2 r 



(5.1.8) 



(5.1.9) 



with a = AM 2 

Therefore, F^ satisfies by construction the IIB SUGRA equation of motion dF^ = 
H A F^ 3 \ However, the ansatz has to verify the remaining equations of motion for the 
three-forms: d * F (3) = F (5) A if, and d* H = -F (5) A F (3) , and the constant dilaton 
condition which implies (F®) = (H) 2 , together with the Einstein equation. This renders 
a system of second order differential equations determining the unknown functions of the 
ansatz (F(r), f(r), k(r) and h(r)). It is not difficult to find a system of first order differential 
equations [16] that solves those equations. It reads: 



k' 
F' 



= (1-F)tanh 2 (l), 

= ^oth 2 (^), 
k - f 



and, 



h' = 



a 1{t) 



(5.1.10) 



(5.1.11) 



K 2 {r) sinh 2 r ' 

In order to arrive at this system let us recall that if *F^ satisfies the equation d * F^ = 
F^ A H , it can be written as *F^ = dC<® + C (4) A if in terms of the six-form and four-form 
RR potentials. We will show that the system (5.1.10) results from requiring the vanishing 
of the six-form RR potential, i.e. = 0; which, in view of the last expression of *F ( - 3 \ is 
equivalent to: 

*F (3) = C (4) A H . (5.1.12) 
From eq. (5.1.4) it is straightforward to write down *F^: 



, F (3) 



Ma' 



h' 1 d A x A 



;i-F) tanh 2 (0drA^A 5 2 



+ F coth 2 ( - ) dr A g 3 A g 4 + F'g 5 A [g 1 A g 3 + g 2 A g 



(5.1.13) 



with d 4 x = dx° A dx 1 A dx 2 A dx 3 . 

From the equation of motion dF^ = H A F^ it is clear that one can write F^ = 
dCW + 5 (2) A F( 3 ). In addition, let us write as C( 4 > = + & A \ with the four-forms 
and being given by: 



dCW = *.F (5) , dC® = ^ (5) - F^ A B , 



(5.1.14) 
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so, in view of eq. (5.1.9) it is easy to write down 

= /(r) dx° A dx 1 A dx 2 A dx 3 , 
where we have defined /(r) as a function of the radial coordinate satisfying: 

a 1{t) 



fir) = 



K 2 (t) [h(r)} 2 sinh 2 r 



(5.1.15) 



(5.1.16) 



Recalling that J" (5) oc dVo\( T 1,1 ) and the expressions for and B (eqs. (5.1.4) and 
(5.1.5)) one realizes that all the components of are perpendicular to the Minkowski 
space (x°, x 1 , x 2 , x 3 ). Since H neither has components along any Minkowski direction (see 
eq. (5.1.6)), it becomes clear that H A = 0. Hence, one gets: 



H A C {4) = H A C* (4) = 



Ma' 



f(r)d 4 xA 



drA(f'g 1 Ag 2 + k'g 3 Ag i ) + 



+ l(k-f)g 5 A(g 1 Ag 3 + g 2 Ag i ) 



(5.1.17) 



Inserting this result and the expression of *F^ (eq. (5.1.13)) into the equation (5.1.12) 
one readily obtains the first order system (5.1.10), and the equality h" 1 = /(r), which after 
differentiating yields the differential equation (5.1.11). 



5.2 Killing spinors 

As we have shown in the last section, the Klebanov-Strassler solution is formulated in terms 
of some functions F(r), /(r), k(r), and h{r) defined by means of a system of first order 
equations (5.1.10), (5.1.11); which guarantees the fulfilment of the SUGRA equations of 
motion. But this is not the whole story since we should determine if for any solution of the 
system we are dealing with a supersymmetric solution of lOd type IIB supergravity. Indeed, 
we will show by imposing the vanishing of the SUSY variations (1.1.3), that the model is 
| SUSY if the functions F{r) , /(r) , and k{r) verify the system of first order differential 
equations (5.1.10) together with an extra algebraic constraint. 

As we have seen in the subsection 2.3.1 of the second chapter, if we choose the appropriate 
one-form basis, the Killing spinors of the lOd solution consisting of adding IR 1,3 to the 
deformed conifold do not depend on the angular coordinates of the conifold (see eq. 2.3.19). 
That basis arises naturally when we write the metric of the deformed conifold as in eq. 
(2.3.16), namely: 



ds. 



1 



H*K{t) 



1 



3K(t) 
coshr 



[W 



a 



3\2 



(V + 



a 



coshr 



2coshrV v ' 

,2 . „ 



(v 2 ? ) - 



a 



w 



coshr 



(5.2.1) 



5.2. KILLING SPINORS 



37 



where K(t) is defined in eq. (5.1.3). Thus, it is natural to consider a frame such as (2.3.22), 
but now including the corresponding powers of the warp factor h(r) appearing in the lOd 
metric (5.1.1). It reads: 

=h~Ux a , (a = 0,1,2,3), e r = Ji' * dr , 



e* = 



e' = 



fi3h*y/K(r) sinhr ... 

o r=r= °" ' ( l = X ' 2 )' 

^ Vcosnr 

2 /?i \/K(t) . , . cr* N 



j- vcos 

S - V + o*). (5.2.2) 



>/6A"(r) 

Then, the corresponding spin connection one-form will be very similar to the one written in 
(2.2.5), when this last one is restricted to the solution (2.3.12). Let us write it schematically 



uf c " r = ~h' h' 1 C' 1 e xa , (a = 0,1,2,3), 



UJ 



UJ 



1 = A 1 A' 1 C- 1 e l + - g' B A' 1 C- 1 e\ 

2 

2r —- A' A' 1 C- 1 e 2 + -g'B A' 1 C' 1 e 2 , 

2 



w U = B' B- 1 C- 1 e l + \g'B A' 1 C~ l e 1 , 



UJ 



• 2r = B' B- 1 C- 1 e 2 + l -g'B A' 1 C' 1 e 2 , 

J T = C'C- 2 e\ u il = ~g'BA- 1 C- 1 e T , w 22 = — — g B AT^ C 1 e T , 

2 2 

= A- 1 cot^e 2 + ^CA- 2 (V-l) e S , 
= ^ A" 1 (B C- 1 + C B- 1 ) e 2 -^C B~ 2 e 2 , 
= A- 1 cotfle 2 + Qcfl^-CT 1 ) e\ 



u 21 



u 21 



cu 23 



= 1 -CB- 2 e i - 1 -gA-i (BC^ + CB^) e\ 
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12 2 
UJ = —UJ 



" = \9A- 1 (CB^-BC- 1 ) e 3 , 
\ g A-' (C 5" 1 - B C- 1 ) e l - \ C A^ (<? - l) e 1 , 
1 = I 9 A' 1 (B C- 1 - C B- 1 ) e 2 + \ C A~> (g> - l) e 2 , (5.2.3) 



where A, B, C and g are the following functions of the radial coordinate: 



^ _ fia h* yjK{r) sinhr ^ _ /i4 ^( r ) 
2 V cosh r ' 2 



2 , 1 



us hi i 
V6if(r) coshr 
which allow us to write the one-form basis (5.2.2) in the following neat form: 

e xa = h^dx a , {a = 0,1,2,3) , e T = C dr , 

e i = Aa' , (i = 1,2), 

e l =B(w l + ga l ) , (i = l,2), 

e 3 =C(w 3 + cr 3 ). (5.2.5) 

One can check by substituting the expressions of A, 5 and C above into the components 
of the spin connection written in (5.2.3) that, except for the terms proportional to h'(r), 
the resulting one- form is equal term by term (up to h(r) factors) to the spin connection 
one-form arising from substituting the particular solution (2.3.12) (describing the deformed 
conifold) into the generalized spin connection written in (2.2.5). We have expressed the spin 
connection one-form in the frame (5.2.2). One should bear in mind that 

uj ab = dX fn = u a c b e c , (5.2.6) 

where e c refers to the frame (5.2.2). So, when needed, the components can be easily 
computed: 

< b = E^ a c \ (5.2.7) 

with being the coefficients appearing when one expresses the one-forms (5.2.2) in terms 
of the differentials of the coordinates, namely: e c = E^ dX m . 

Let us now write the three- and five-form fluxes in the frame (5.2.2). The selfdual RR 
five-form takes the form: 

F (5) = R ^ h , / x A gX i A ^2 A ^3 A e r + e l A e 2 A e l A e 2 A e 3\ ? (5>2>g) 

/X3 V ' 
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the RR three-form (5.1.4) becomes: 
A^/Qh-'i Ma' \ 1 



i?(3) 



+ 



/i 2 2 
coshr 



2 cosh r 



e A e A e + 



i , \ -g-2F 
2 sinh r 



(e 3 A e 2 A e 1 + e 3 A e 2 A e 1 ) + 



2 sinh z 



pi - 1 

- [1 + g (g - 2 + 4F)1 e 3 A e 2 A e 1 + — — (e T A e 2 A e 2 + e T A e 1 A e 1 ) L 
r sinhr v ' J 

(5.2.9) 



The NSNS three-form flux (5.1.6) can be written as 

1 



H 



4^/6 h~ * Ma' f f + k' _ 2 j i r ., . , ... / _ 

r fe e Ae Ae ^-^[(i-^^'-d+^/i^A^Ae^ 



cosh r 



+ e T A e 2 A e 1 ) + ^1 [(1 - g) 2 k' + (1 + (?) 2 fl e r A e 2 A e 1 + 
7 sinh r L J 

^ ( „3 a 2 a ~2 , A 



— fe 3 A e 2 A e 2 + e 3 A e 1 A e 1 ) 
smhr v ' 



(5.2.10) 



Now we are ready to write the equations resulting from the vanishing of the SUSY 
variations (1.1.3). For this background with constant dilaton and three and five- form fluxes 
they reduce to the expressions written in the equations (4.2.1) and (4.2.2) of the previous 
chapter. Since we expect that the Killing spinors will only depend on the radial variable r, 
we will write the SUSY equations directly in the frame (5.2.2). 



5.2.1 Dilatino SUSY equation 

Using the expressions for the three-forms written above, and recalling the definition of F 3 
given in (1.1.4), the equation (4.2.1) resulting from the vanishing of the variation of the 
dilatino takes the form: 



r. 



r + k' 

2 cosh r^ 21 " r 2 sinh r 
coshr 



2 sinh 2 r 

i 



l + gYf + O-gYk 



[(i-g) k'-(i + g ) /'] (r r21 + r r2i ) + 

k-f 



Tr21 + 2^nhr" (l322 + l3il) + 



2 coshr 321 2 sinhr 
i cosh r 



'l-g-2F) (r3 2i + r3 2l ) + 



iF' 



2 sinh 2 r 



[i + g (4F - 2 + g )] r 321 + — — (r r22 + r ril ) e = o , (5.2.11) 



where T a , (a = x a , r, 1, 2, 1, 2, 3) are constant Dirac matrices associated to the frame (5.2.2) 
and we have neglected the common factor — ^\ 1 M^., 
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As we did in chapter 2 (see eq. (2.2.6)) we will impose the angular projection 

r 12 e = -r i 2e. (5.2.12) 

Furthermore, the Killing spinors of the resolutions of the conifold are subjected to the pro- 
jection (2.2.14), which for the particular case of the deformed conifold (then, taking into 
account eq. (2.3.21)) becomes: 

/ sinhr 1 \ . 

r ' r - f =("^h7 + ^h7 ril ) £ - (5213) 

We also impose the projection corresponding to a D3-brane extended along the Minkowski 
directions: 

r x o x i x 2 x 3 e = — i e . (5.2.14) 

We will show below that this projection follows from the vanishing of the gravitino SUSY 
variation as it happened for the Klebanov-Tseytlin model (see eq. (4.2.9)). Since we are 
working in type IIB SUGRA, a lOd spinor e satisfies the equality: 

F x o x i x 2 x 3T T T 12 i23 e = -e , (5.2.15) 

which combined with projections (5.2.12) and (5.2.14) gives rise to 

T T%e = -ie. (5.2.16) 

Using this last projection, the one written in (5.2.13), and some suitable combinations of 
both ones, equation (5.2.11) becomes: 

(-iP 1 Fs + P 2 r m ) e = 0, (5.2.17) 

where 

Pl = - i 5^ (/ ' + i; ' + 1) + 2^h7[ (1 + ^ / ' + (1 - 9)2,; ' + 1 + 9(4F - 2 + ! ' ) ] + 



+ . ' r l(l-g)k'-(l+g)f + l-g-2F] , 
smh r cosh r 



(5.2.18) 



and 

P2 = —^(f' + k'+l) + —±-^{(l+g) 2 f'+(l-g) 2 k' + l + g(4F-2 + g)} + 
2 cosh r 2 smh r 1 J 

- ^hT K 1 - «) - + «) /' + 1 - 9 ~ 2F 1 + jr^: (2F'-k + f) . 

(5.2.19) 

Using that g = — ^ - it is not difficult to see that Pi automatically vanishes. Hence, we are 
left with the equation P 2 = 0, which by substituting the value of g is brought into the form: 

IF' + coth Q /' - tanh (£j k' + 2 coth tF + f -k = tanh (£j . (5.2.20) 

So the vanishing of the dilatino SUSY variation results in this differential equation for the 
functions of the ansatz. 
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5.2.2 Gravitino Minkowski components 

Let us now study the SUSY variation of the gravitino, i.e. equations (4.2.2). All the com- 
ponents along the Minkowski directions yield the same equation, so for illustrative purposes 
we will write the equation corresponding to the x 1 component, namely 5ip x i = 0. Looking 
back at eq. (4.2.2) one can write: 

Dxl 6 + iLo f ^- n * tNv " N5T ^ e + ^ ( T " lN2Ns - 9 ^ TN2Na ) e * = ' ( 5 - 2 - 21 ) 

We will analyze the different pieces of this equation separately. Recalling the expression of 
the covariant derivative and assuming that e does not depend on the Minkowski coordinates, 
the first piece can be written as ^u^iT ab e. Using the spin connection written in (5.2.3), one 
gets that 



1 1V6 



D x i e = - uo a J T ab e = K(r) h~* h' T X , T e . (5.2.22) 

4 o H3 

Inserting the five-form written in (5.2.8) into the second piece of equation (5.2.21) it becomes: 

f { nI. Nb r^-^r,! e = k(t) h-i ti r x0xW r Txl e , (5.2.23) 



1920 JV1 "'" 5 8 



3 



D x ie+ ^F^l. N5 r N ^r xl e^-\K(r)h-ih'r Txl (1 /T, v ,.,,.,) e. (5.2.24) 



where we have used eq. (5.2.15). So in view of these last two equalities (i.e. (5.2.22) and 
(5.2.23)), the first two pieces of eq. (5.2.21) can be written as 

2" 

/i3 

In order to make this expression vanish we should impose the projection (5.2.14). Since, as 
we will see below, the remaining terms in equation (5.2.21) do not mix up with these ones; 
it becomes clear that we must impose that projection to satisfy the equation (5.2.21). 

Let us now look at the third term of equation (5.2.21), the one depending on the three- 
form JF®. Taking into account the vanishing of the first two pieces and that the three- form 
has no components along x 1 , equation (5.2.21) reduces to 

^Ar^r^^e^O, (5.2.25) 

which is very similar to the equation resulting from the vanishing of the dilatino SUSY 
variation. In fact, this equation is equal to equation (5.2.11) but with e* instead of e. 
Therefore, proceeding as we did there, but using the conjugated projections (for instance 
T^e* = it* instead of (5.2.16)), we arrive at the following equation: 

(iP 1 T^ + P 2 T m ) e* =0, (5.2.26) 

where 

A = 1 2^ (/ ' + fc '- 1 )-2i^7[ (1 + 9)2/ ' + ( 1 -* )2 *'- 1 - 9 ( 4f - 2+9 ) 

{(l-g)k'-(l+g)f'-l+g + 2F], 



sinhr cosIit 

(5.2.27) 
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and 

h = 1 —^{f + k'-l) + —^[{l + gff + {l-gfk'-l-g{AF-2 + g) 
2 cosh r 2 sinn r L 

1 [{ i- g)k > -(i + g)]' ^i +g + 2 F]--\-{2F' + k-f) . 



cosh r sinh r 

(5.2.28) 

Using again that g = it is not difficult to see that Pi is identically zero. In fact, if in 
the expression of P 1 one changes /' — > — /' and k' — > —k' one arrives at (5.2.18), i.e. at Pi. 
Since Pi vanishes independently of the form of /' and k', then Pi must also vanish. Then, in 
order to satisfy the equation 5ip x i = 0, P2 must vanish. Inserting the value of g, the equation 
P 2 = can be written as 

IF' - coth Q f + tanh Q fc' + 2 coth T F- f + k = tanh (0 , (5.2.29) 

which is another differential equation for the unknown functions of the model. 



5.2.3 Gravitino angular components 

We still have to solve the equations resulting from the angular components of the gravitino. 
We will begin with the equation Sifti = 0, namely: 

° ie + 19^0 F *~ N > TNl '" N5T ^ e + ^ ^tWa ( ri^' " 9 6* ) e* = . (5.2.30) 

As for the x 1 equation we will study each contribution to this equation separately. Reading 
the spin connection from eq. (5.2.3), and assuming that e does not depend on the compact 
coordinates of the T 1,1 , the first term becomes: 

Die=]u a 1 b T ab e=l^ K{r) h~i ti F lr t . (5.2.31) 



4 1 8 



// 



3 



We have taken into account that all the terms in u}® b r a be, except for the one depending on 
h! , will cancel each other by virtue of eq. (2.2.8) in chapter 2. This is so because, as we have 
already said, the one-form frame (5.2.2) only differs from the one in eq. (2.3.22) in some h 
factors. Indeed, one can write cj" 6 T a b t = Yr^ T ab - e + terms (h 1 ); where uo^ stands for 
the spin connection of the deformed conifold (eq. (2.2.5) restricted to the particular solution 
(2.3.12)) and the indices d,b refer to the corresponding frame, i.e. (2.3.22). Finally, from 
the analysis done in chapter 2, it is clear that T^e = follows from the more general 
equation (2.2.8). 

Inserting the RR five-form as it is written in eq. (5.2.8) and making use of eq. (5.2.15), 
the second term of (5.2.30) takes the form: 



F$l.. N5 r N ^Fi e = l -^r K(r) h~i ti r A w r rl e , (5.2.32) 
lyzu o ^3 
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and by adding it to the first term written in eq. (5.2.31), one gets that 



D x e + ^F^l. N T N ^T 1 e=-^K{r)h- T ih'T Tl (-1 + iV x , xW ) e, (5.2.33) 
lyzu o ^3 



which vanishes for a spinor e satisfying the projection (5.2.14). 

It only remains the third term in eq. (5.2.30). Let us study separately the two terms 
multiplying the complex three-form . Reading the three-form fluxes from (5.2.9) and 
(5.2.10), the first term, i.e. ^J^r^^V, becomes: 



a' 



fi 2 8 

i 



rv 



1 ^-K* + ^-4z T322 + TTTTTTTT [(1 " 9) * ~ (1 + 9) f\ + 



2 cosh 



2 sinh t 



2 sinh 



2 cosh r 



^321 + 



i iF' 

(i- 9 -2F) r S2i + ^r 



2 sinh r 



sinhr 



i-22 



(5.2.34) 



Imposing the projections (5.2.12) and (5.2.16), which after complex conjugation become: 

Ti 2 e* = — r^e* and T T ^e* = ie*, and neglecting the common factor — 6 ^ 2 1 Ti, equa- 
tion (5.2.34) takes the form: 



f + k' 1 
2 cosh r 2 cosh r 



sinh 



F' + 



r 3 ii + 



+ * { 2^mh7 K 1 - k ' ~ + * ft ~ 2sL - °~ ^} T **Y ' < 5 " 2 



,35) 



which by using suitable combinations of the complex conjugate of projections (5.2.13) and 
(5.2.16) can be written as 



[ Qi r § + Q 2 r M ) e* , 



(5.2.36) 



with 



Qi = -«{ 



1 f sinh t . 1 , 



2 \ cosh 2 r 



(5.2.37) 



and 



*= " H^v (/ ' + *" 1) + ^ l(1 - 9) ' c '- (1 + 9)/ '- 1+9 + 2F| )- 



sinh 



1 ^ + 



(5.2.38) 



As we will see, if we do not introduce any extra projection, the remaining terms in equation 
(5.2.30) will not mix up with these ones. Therefore one must require that Q\ = 0, and 
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Q 2 = 0. Furthermore, recalling that g = co ^ hr one can straightforwardly check that the 
equation Qi = takes the form: 

IF . it- 

,2, 

and the equation Q 2 = can be written as 



coth (-) f + tanh (-) k' = tanh ( - 

\2J J \2J sinhr V. 



(5.2.39) 



f - k' - 2F + 1 - 2 coth r ( F' + - — f- ] =0. 



(5.2.40) 



We will now write down the second term depending on the complex three-form, namely 
~m ^n-IniNs tffT^ 3 e*, which after inserting the three-forms (5.2.9) and (5.2.10) becomes: 



V6h~i 3Ma' 



8 2 sinhr 



; (l-g~2F)T^ + ^^[l + g(g-2 + AF)]T ji2 + 



2 sinlr r 



cosh r 
2 sinh 2 r 



l-^A;'+(l + ^f Me*, 



(5.2.41) 



and, after making use of the complex conjugate of projections (5.2.12) and (5.2.16), and 

r - 3 / 

neglecting the common factor V6h 2 11 3M 8 a , it reads: 

\^r [1 - g - 2F - {1 - g)k ' + {1+3)f ' ]T * + drr (2F ' + k - f)T « + 



1 cosh r 

2 sinh 2 r 



l+^-2 + 4F)-(l-s) 2 A;'-(l+s) 2 f 



r 



1312 



e . 



(5.2.42) 



By imposing suitable combinations of the complex conjugate of projections (5.2.13) and 
(5.2.16), this last expression can be written as 



where 



Qi = 



2 sinh r cosh r 
1 



(gir 31 + g 2 r 3i ) e*, 

[l- g -2F-(l-g) k' + (l + g) /'] + 



(5.2.43) 



+ 



2 sinh r 



1 + g{g _2 + AF)-(l-gyk'-(l + gYf 



(5.2.44) 



and 



* = ^l- 1 + 9 + 2F + (1 -^'- (1 + 9)/ 'l + ^( F + ^) + 



+ 



2 sinh 2 r 



l + g ( g _2 + 4F)-(l- g yk>-(l + gyf 



(5.2.45) 
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In order to satisfy the equation Sipi = (i.e. eq. (5.2.30)) without imposing new projections 
on e we must require that Qi = 0, and Q 2 = 0. Using that g = — ^- one can easily check that 
Qi = renders the same differential equation as the expression Q\ = 0, namely equation 
(5.2.39). After inserting the value of g, the expression Q 2 = yields the following differential 
equation: 

tanh 2 (0 k' - coth 2 (0 f + 2 (coth 2 r + cschV) F + 2 cothr (V + = tanh 2 Q . 



(5.2.46) 



Then, from the equation <^0i = 0, we have got three differential equations for the unknown 
functions of the Klebanov-Strassler ansatz; these are the equations (5.2.39), (5.2.40), and 
(5.2.46). 

The vanishing of the SUSY variation of (i-e- &i>2 = 0) results in the same differential 
equations as the ones we got above from requiring that 5ipi =0. As it happened before, the 
term coming from the covariant derivative and the one containing the RR five-form cancel 
each other after using the projection (5.2.14). Furthermore, if one imposes suitable combina- 
tions of the complex conjugate of projections (5.2.13) and (5.2.16), the terms containing the 
complex three-form J 7 ^ result to be equal to the ones appearing in Sipi = and therefore, 
the arising differential equations are the same ones as before. 

Let us now impose the cancellation of the SUSY variation of ip^. The equation we have 
to solve is: 

D ^ e + 19^0 F *~»> rNl '" N5T 3 e + h> ( T z NlN2N:i ~ 9 ^ rN2Na ) e * = • ( 5 - 2 - 47 ) 

We will follow the same steps as for the preceding components of the gravitino. Then, let 
us write down the form of the first term of this last equation for a spinor e independent of 
the compact coordinates of the T 1 ' 1 . It reads: 

D^t=- uf T ab t=\^r K{t) h-i ti r 3r e , (5.2.48) 

where again we have used the fact that all terms in u;| fe T a b e, apart from the ones depending 
on h' : cancel each other as we have explained below eq. (5.2.31). Reading the RR five-form 
from eq. (5.2.8) and using eq. (5.2.15), the second term of eq. (5.2.47) becomes: 



1920 F *~ N > rNl '" N5T 3 e = \^ K{r) h~i ti V ,,,,V : , e , (5.2.49) 



and one can easily check that by imposing the projection (5.2.14) on e, this last expression 
cancels the term written in eq. (5.2.48). Thus, as before, the terms coming from the covariant 
derivative and from the five-form term cancel each other. Then, we are left with the terms 
containing the complex three-form. Making use of the expressions for the three-forms written 
in eqs. (5.2.9) and (5.2.10) the first term containing JF( 3 ) can be written as 

1 F 0) r N M *_ VUr^ Mgi f iF> f' + k' 
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1 



coshr 



2 sinh r 



[(1 - g) k' - (1 + g) /'] (r r2l + T r2i ) + [(1 - gf k' + (1 + <?) 2 / 



r r2 i| 

(5.2. 



and imposing the projections I\ 2 e* = —T^e*, and e* = ie* (complex conjugate of 
(5.2.12) and (5.2.16) respectively) it becomes: 



/' + k' cosh r 



2 cosh r 2 sinh 2 r 

% 



l-gYk' + il + gYf 



2F ' r 



sinhr 



311 



sinhr 



[(!-</) */-(! + </) /1r 9l2 e*, 



(5.2.51) 



A" — ' 

where we have neglected the common factor — ^ - Tg. 

Again, if we insert some combinations of the complex conjugate of projections (5.2.13) 
and (5.2.16), this last expression can be written as the sum of two independent terms: 



M 1 r3 + M 2 r M ) e*, 



(5.2.52) 



with 



Mi 



sinhr 



1 



2cosh 2 r (/ ' + A;,) + 2sinhr 



l- 9 yk' + (l + gYf 



+ 



[(l-g)k'-(l + g)f\ 



(5.2.53) 



sinh r cosh r 

which results to be identically zero after substituting g by its value, i.e. cos 1 h - . On the other 
hand, 

f' + k' 



1 

2 cosh 2 r 2 sinh 2 r 



1 



coshr 



l-<?) 2 £;' + (l + <?) 2 /' 
2F' 



sinhr 



(5.2.54) 



and, since the remaining terms in 8ip% = (eq. (5.2.47)) will not mix up with this last 
one, one must have M 2 = 0. Hence, by inserting g = co ^ h - we get the following differential 
equation: 



coth 

The last term in eq. (5.2.47) is: 

9 T (3) rJVi r jV 2 jV 3 * 

gg S Nl N 2 N 3 °3 1 e 



/' - tanh k! — 2F' — . 



^/6h-i3Ma'( k-f 



/// 



8 2 sinhr 



(r 22 + r h ) + 



2 cosh r 



(5.2.55) 



r 2i + 



2 sinh r 



[1-9-2F) (r 21 + r 2l ) + [1 + <? (g - 2 + 4F)] T 21 1 e* , 



(5.2.56) 
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where we have used the expressions of the three-forms written in eqs. (5.2.9) and (5.2.10). 
Making use of the projection T 12 e* = —T^e* (see eq. (5.2.12)) and neglecting the common 
factor v6fe, ; 3Ma ^ last expression becomes: 



cosh r r . 4 , 1 

[1 + g{g _ 2 + 4F)}- 



2sinh i r L v n 2 cosh r 



r i2 t 



(5.2.57) 

which by imposing suitable combinations of projections (5.2.13) and (5.2.16) can be written 

(M 1 +M 2 T h ) e*, (5.2.58) 



as 



where 



Mi = —— — r—. — [1 + g (g - 2 + 4F)] + -=J — — (l-g-2F), (5.2.59) 

2sinhr l y vy ;J 2cosh 2 r sinhr coshr v y ; ' v ; 



and, 

M 2 = —\ 2 -[l + g(g-2 + AF)]--\ 2 \- (1 - g - 2F) + ^ . (5.2.60) 

2 sinh r 2 cosh r coshr smhr 

One can readily check that by inserting g = co ^ hT , Mi = automatically. In order to satisfy 
the equation 5ip^ = we must also have M 2 = 0, which after substituting g = ^ yields 
an algebraic relation between the functions entering the Klebanov-Strassler ansatz, namely: 

2 coth rF + k- f = tanh Q . (5.2.61) 

Requiring the vanishing of the SUSY variation of the remaining angular components of the 
gravitino (i.e. ipi an d ip 2 ) w * n n °t & ye T ^ se ^° an y new equation relating the functions of 
the ansatz. Indeed, from the equations 5ipi = 5^ 2 — one gets the same equations as from 
imposing Sipi = 0; these are eqs. (5.2.39), (5.2.40) and (5.2.46). 

5.2.4 Gravitino radial component 

Finally, we shall look at the SUSY variation of the radial component of the gravitino. Then, 
we must solve the equation 



Dre + 19^20 F *~»> TNl '" N5Tr " + 96~ ^™ ( F " 9 ^ TN2Ni )e * = °- (5 ' 2 - 62) 



As it obviously implies the radial projection (5.2.13), the spinor e depends on the radial 
coordinate. Then, the covariant derivative can be written in terms of e' = ^ as D T e = 
(E-y 1 (e' + \ uo^ h Y ab ej. Thus, reading the spin connection one-form from eq. (5.2.3), the 
covariant derivative becomes: 



D T e = v 6 : K t V U + TT^r-r^ e ) , (5.2.63) 
V 2 coshr 
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e 2 



where we have already imposed the projection (5.2.12) and we have taken into account that 

2 1 

, ,ab J7<T , ,ab h~% ab 

We will show below that the terms in eq. (5.2.62) containing the complex three-form will 
vanish, so it must happen again that the first two terms in that equation cancel each other. 
Thus, after inserting the RR five-form (5.2.8), eq. (5.2.15) and projection (5.2.14), we get 
the following equation: 

e' + r ia e + -/T 1 ti e = . (5.2.64) 

2coshr 11 8 V ; 

At this point let us go back to the radial projection written in eq. (5.2.13) and notice that 
it can be solved as 

e = e -5 ar ii eo , r ri2 3 e = -e , (5.2.65) 

with 

1 sinhr fKoaa\ 

sin a = — , cosa = — . (5.2.66) 

cosh r cosh r 

Plugging (5.2.65) into eq. (5.2.64), one arrives at 

> r ii (V - l - a' r h e + T h e + h' 1 ti e ) = , (5.2.67) 

which yields the following two equations: 

a' = — — , (5.2.68) 
coshr 

e' = --h- l h'e . (5.2.69) 
8 

The first equation is satisfied for a written in eq. (5.2.66). While eq. (5.2.69) determines 
the radial dependence of the lOd spinor eo- So finally, the Killing spinors of the Klebanov- 
Strassler model become: 

e = e -^ r n hT*ri, (5.2.70) 

with a being given by eq. (5.2.66) and r\ being a constant lOd spinor satisfying the following 
projections: 

T A23V = -V, T 12 7? = -1^2 , T X X 1 X 2 X 3T] = -it]. (5.2.71) 

Therefore, the model has 4 independent spinors as it should be for the SUGRA dual of a 4d 
M = 1 field theory. 

The projections (5.2.71) can be rewritten as 

T x o x i x 2 x3 7] = -irj , T 12 r) = ir), T^r] = -ir], (5.2.72) 

after making use of the equality T^o ,j.3r r r i2 j23 ^ = —i]- However, the last two projections, 
corresponding to the ones of the T 1,1 , are not satisfied by the Killing spinor e written in 
eq. (5.2.65) due to the factor e~2° r ii which anticommutes with them. Only when r — > 
oo the angle a vanishes (see eq. (5.2.66)) and the Killing spinor satisfies the projections 
corresponding to the T 1 ' 1 , as it happened for the Klebanov-Tseytlin background in the last 
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chapter. This must be so, since the KS and the KT solutions are identical in the UV, far 
away from the tip of the conifold (r = 0). 

Let us show that, as we have said above, the terms in (5.2.62) containing the three-forms 
effectively vanish. The first term, i.e. ^^NiN 2 N :i T T NlN2N3 e*, takes the form: 



V6h~* M 



a 



/i 2 8 

i 



2 cosh r 



rsM + [1 + <?(<?- 2 + 4F)] r §21 } e* , 



(5.2.73) 



and by using the projection T 12 e* = — e* (and neglecting the common factor ^^/iJ^JLM^L Y T ) 7 
one can write it as 



f k-f 
\ sinh r 



r - + ^h7 (1 -*- 2F) r - + 



i cosh r r . , . 

-— ? -[l + g(< l -2 + 4F)] 
2 sinh r 



2 cosh r 



■^3i2 r e ) 



(5.2.74) 



which is nothing else but TgX eq. (5.2.57) and then, it vanishes once we impose the differ- 
ential equation (5.2.61). 

The last term of eq. (5.2.62), i.e. -&F$ N2N3 S^F 1 * 2 " 3 e*, can be written as 

V6h-'UMa' \ /' + k' 1 r/1 /n . ^ . 

- r 2i + 77— r- [(i -g)k'-(i + g) f] (r 21 + r 2l ) + 



/i 2 8 [ 2 cosh r 
coshr 



2 sinh r 



2 sinh 2 r 



i - <?) 2 k + (i + 9 y f\ r 21 + — — (r 22 + r h ) e* , 



(5.2.75) 



which, after using the projection Ti2 e* = — T| 2 e*, and neglecting the common factor 2 3 3A ^ Q , 
becomes: 



cosh T 
2 sinh 2 r 

1 



1-S) 2 A;' + (1 + S) 2 / 



f + ^ 
2 cosh r 



r i2 + 



sinhr 



[(!-</) k'-(l+g) f] T 21 + 



sinh r 11 | 



(5.2.76) 



Multiplying this last expression by —iV§ one recovers eq. (5.2.51), thus, the differential eq. 
(5.2.55) implies the vanishing of the last term of eq. (5.2.62). 



5.3 Differential equations for the KS ansatz 

In the last section we have obtained six differential equations (5.2.20), (5.2.29), (5.2.39), 
(5.2.40), (5.2.46), (5.2.55) and an algebraic constraint (5.2.61) relating the functions /(r), 
k(r) and F(t) entering the ansatz of the model. We will see that these equations reduce to 
the system (5.1.10) appearing in [16] together with an extra equation. 
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Plugging eqs. (5.2.55) and (5.2.61) into eq. (5.2.20), one gets: 

F' = ^, (5.3.1) 

which is one of the differential equations entering the system (5.1.10). Inserting this last 
equation into the algebraic constraint (5.2.61) one gets the following differential equation 
involving only F and its first derivative: 

F' + cothrF = - tanh(^) . (5.3.2) 

This equation can be easily integrated, yielding the explicit form of F (see below). In 
addition, by substituting the value of F' given by this last equation into eq. (5.2.55) one 
arrives at 

coth Qf- tanh (^) k' = -2 coth rF + tanh Q . (5.3.3) 
Looking at equations (5.3.1) and (5.3.2) one can easily write: 

F' + — ^ = 2F' = tanhQ - 2cothrF . (5.3.4) 

Let us substitute this last result into equation (5.2.40). After some calculation we obtain: 

f'-k' = -[ coth 2 Q + tanh 2 Q ] F + tanh 2 Q . (5.3.5) 

By combining this equation with eq. (5.3.3), one can solve for /' and k' as functions of F, 
resulting: 

f — (1 — F) tanh 2 (-) , k' — F coth 2 (-) . (5.3.6) 



>2' V2, 
These equations, together with eq. (5.3.1) form the first-order system (5.1.10). For the re- 
maining equations one can easily check that eq (5.2.39) is trivially satisfied after substituting 
(5.1.10), while (5.2.29) and (5.2.46) are verified after inserting (5.1.10) and the new equation 
for F', i.e. (5.3.2). 

Summing up our results; from imposing the cancellation of the SUSY variations of the 
dilatino and the gravitino we have obtained the first-order system (5.1.10) appearing in [16] 
and, in addition, we got a new differential equation, namely (5.3.2), or, alternatively, the 
algebraic relation (5.2.61). The differential equation (5.3.2) can be easily integrated by the 
method of variation of constants, rendering: 

F 1 smhr-x + _4 
2 smh r smh r 

where A is a constant, which by requiring regularity of F at r = gets fixed to the value 
A = 0. Then, it is immediate to integrate the first order equations for / and k (eqs. (5.3.6)). 
The result is the same as in ref. [16], namely: 

„ 1 sinhr — r 



2 sinh r 
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1 rcothr 



1 



( cosh r — 1 ) , 



2 sinh r 



k 



1 rcothr — 1 



( cosh r + 1 ) . 



(5.3.8) 



2 sinh r 



Therefore, the requirement of preserving the same supersymmetries as in the solution corre- 
sponding to a D3-brane at the tip of the deformed conifold (we are imposing the projection 
corresponding to a D3-brane (5.2.14) together with the projections satisfied by the Killing 
spinors of the deformed conifold i.e. (5.2.12) and (5.2.13)) fixes the values of the three-forms 
to those found in ref. [16] (see refs. [40, 41]). 
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Chapter 6 



Killing spinors of the 

non- commutative MN solution 

6.1 Introduction 

In this chapter we present the construction of the Killing spinors of the non-commutative 
deformation of the so-called Maldacena-Niinez (MN) background [19, 20]. The commutative 
background is dual to the large N limit of M = 1 super Yang-Mills theory. This geometry, 
generated by a fivebrane wrapping a two-cycle, is smooth and leads to confinement and chiral 
symmetry breaking. 

The spatial non-commutative theories are field theories living on a spacetime where two 
spatial coordinates do not commute, i.e. [x l ,x^] = O*- 7 7^ 0. These theories have been 
thoroughly studied in recent years after the discovery that they can be obtained as a low 
energy limit of string theory in the presence of a Neveu-Schwarz 5-field [42, 43]. In particular, 
the non-commutative deformation of the MN background was obtained in [17] by means of 
a chain of string dualities and it corresponds to the decoupling limit of a (D3,D5) bound 
state with the D3-brane smeared in the worldvolume of the D5 and wrapped on the two- 
cycle. The corresponding ten dimensional metric breaks four dimensional Lorentz invariance 
since it distinguishes between the coordinates of the non-commutative plane and the other 
two Minkowski coordinates. As expected, this solution has a non-vanishing Neveu-Schwarz 
B-field directed along the non-commutative directions. 

After reviewing the details of the non- commutative solution in the next subsection, we 
will compute the Killing spinors of the model in section 6.2. This computation is similar to 
the one carried out in [18] for the commutative model. As in that case, working in the frame 
arising naturally when one obtains the MN model as an uplift from 7d gauged supergravity, 
the Killing spinors do not depend on the internal coordinates of the geometry. 

This computation was performed in the context of the work published in [21], where 
we studied the addition of flavor degrees of freedom to the supergravity dual of the non- 
commutative deformation of the maximally supersymmetric gauge theories, see refs. [44, 45]. 
There we have also studied the possibility of adding flavor to non-commutative duals of less 
supersymmetric theories as it is the case of the MN background. So in order to do that, 
using the kappa symmetry approach when looking for supersymmetric embeddings of probe 
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branes, we needed the explicit form of the Killing spinors for that background. 



6.1.1 The non-commutative Maldacena-Nunez solution 

The procedure used in [17] to obtain the non-commutative deformation of the MN solution 
leads, as we have said, to a metric where the four dimensional Lorentz symmetry is broken. 
This metric singles out the so-called non-commutative plane along which the NSNS B-field 
is directed. In the string frame it is given by 



ds 2 = e" 



dx 2 0A + h~ l dx\ z + e 2g ( d9l + sin 2 ) + dr 2 + - (w i - A 1 ) 2 



(6.1.1) 



where 0, h and g are functions of the radial coordinate r (see below) which have nothing 
to do with the functions denoted by the same letters that appeared in previous chapters. 
A 1 is a one-form which can be written in terms of the angles (#i, 0i) and a function a(r) as 
follows: 

A 1 — —a(r)dd 1 , A 2 = a(r) sin#id0i , A 3 = - cos M0i • (6.1.2) 

The u/'s appearing in eq. (6.1.1) are again the SU(2) left-invariant one-forms defined in 
(2.3.5). Moreover, the functions a(r), g(r) and <p{r) are: 



a(r) = 



2r 



e 9 _ r 2r — 



sinh2r ' 

r 2 1 



sinh 2 2r 4 ' 



6 " 6 sinh2r ' [b - L6) 

where 0o is a constant (0o — 0( r — 0)). The function h(r), which distinguishes in the metric 
the coordinates x 2 x 3 from x°x 1 , can be written in terms of the function 0(r) as follows: 

h(r) = 1 + 9 2 e 2<t> , (6.1.4) 

where is a constant which parameterizes the non-commutative deformation, so when 0^0 
this background is dual to a gauge theory in which the coordinates x 2 and x 3 do not commute, 
being [x 2 , x 3 } ~ 6 2 . 

Let us denote by the dilaton field of type IIB supergravity. For the solution of ref. [17] 
this field takes the value: 

e 24> = e 2<t> h -i ( 615 ) 

Notice that, when the non-commutative parameter is non- vanishing, the dilaton does 
not diverge at the UV boundary r — > oo. Indeed, reaches its maximum value at infinity, 
where — > _1 . This behaviour is in sharp contrast with the one corresponding to the 
commutative MN background, for which the dilaton blows up at infinity. 

This solution of the type IIB supergravity also includes a RR three-form given by: 

F (3) = — (w 1 - A 1 ) A (w 2 - A 2 ) A (w 3 -A 3 ) + jJ2 FaA K ~ A ") » (6- 1 - 6 ) 
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where F a is the field strength of the 577(2) gauge field A a of eq. (6.1.2), defined as 

F a = dA a + ^e abc A b AA C . (6.1.7) 

The different components of F a can be obtained by plugging the value of the A a, s on the 
right-hand side of eq. (6.1.7). One gets: 

F 1 = —a' dr A d9 1 , F 2 = a' sin 9 ± dr A d(f)\ , F 3 = (1 - a 2 ) sin B x dB x A dfa , (6.1.8) 

where the prime denotes derivative with respect to r. The NSNS B field is: 

B = e 2 ^ h' 1 dx 2 A dx 3 . (6.1.9) 

It is proportional to the non- commutative parameter © and it is directed along the x 2 x 3 
coordinates spanning the non- commutative plane. Indeed, the introduction of the NSNS 
magnetic field is the key ingredient in the construction of the non-commutative deformation. 
The corresponding three-form field strength H = dB reads: 

H = 2& </)' e 2<t> h~ 2 dr A dx 2 A dx 3 . (6.1.10) 

The solution has also a non- vanishing RR five- form F^ , whose expression is: 

F (5) = B A F (3) + Hodge dual , (6.1.11) 

where B and F^ are given in eqs. (6.1.9) and (6.1.6) respectively. The RR field strengths 
satisfy the equations: 

dF {3) = , 

dF (5) = d * F (5) = HA F (3) ^ 

d *p(3) = _ H AF (5) _ (6.1.12) 



6.2 Killing spinors 

Once again, we will impose the vanishing of the SUSY variations of the IIB SUGRA fermionic 
fields (1.1.3) in order to arrive at an explicit expression for the Killing spinors of the model. 

This computation follows closely a similar analysis done in ref. [18] for the commutative 
MN background. First of all, it is more convenient to work in Einstein frame, where the 
metric (6.1.1) becomes: 



ds E = e 2 



dx 2 01 + h- 1 dx 2 2t3 + e 2g ( del + sin 2 6^1 ) + dr 2 + J {w l - A l f 



(6.2.1) 
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We shall consider the following basis of frame one-forms: 

r 0,l I , 1 , n 1 -.2,3 ± , _3 o o 

e = e* ha dx ' , e = e< n » dx ' , 



i. I 

e r = e 4 /i 8 , 



e 1 = e* ft® e 9 d^i , e 2 = e 4 ha e g sin^irf^i , 



e * = I e 4 ft^(u> 1 - A 1 ), (i = 1,2,3) . 



(6.2.2) 



The corresponding spin connection one-form, which results from solving the Maurer-Cartan 
equations (2.2.4), reads: 

uf dr = h -\ e -t(t + \ h > h A e xi , (d = 0, 1) , 



u? ir = h-*e-*(^-ltihr^j e x \ (^ = 2,3), 



to = h s e 4 



u zr = h s e 4 



.lr 



u; 2r = h a e 4. 



3r 



1 1 



4 8 



g + — + - ft' h 



I U-l „2 



4 



e — - e » a e 



3 ^'^ 2 



i — - — ^ 

= ft s e 4 



'£ + U'^-i > \ e 2_ 1 -p a ' e 2 



4 8 



-ft » e t e g a' e r , uu 2i = --h »e 4 e 9 a'e r , 
4 4 



cj 12 = h s e 4 



-(l-a 2 )e- 2s e 3 -e^ cotfli e 2 
4 



w 2i = /i-i e -f ( e 3 -e- 9 cot^e 2 ) , 

cj 13 = ft~i e ~ 4 (e 2 + e~ 9 ae 2 ) , cj 23 = ft~^ e~ 4 (V s a e 1 - e 1 ) , 



a/ 2 = ^ s e 4 



(l-a 2 )e- 2 ^ 



e 1 , 
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CO 



31 



—h»e-i 



- A (l-a*)e^ 



(6.2.3) 



written directly in the frame e a defined in eq. (6.2.2). One should keep in mind that 
u ab = uj^ b dX™ = uj a c b e c , so uj^ b = E^uf (and e c = E^dX™ from (6.2.2)). Let us also 
write the RR and NSNS forms in the frame (6.2.2). The selfdual five-form becomes: 



i?(5) 



Oft s e 4 



- 2 (e l A e 2 A e 3 A e* 2 A e* 3 + e x ° A e* 1 A e 1 A e 2 A e r ) + 



+ -(l-a 2 )e" 



-2g 



A e A e A e x A e x + e x A e x A e r A e 



1 Ae 2 ) 



-- e' 9 a' (e r Ae 1 Ae 1 A A e* 3 + e x ° A e x " A e 2 A e 2 A e 3 ) + 



2 

+ r 9 



a' (. 



e r A e 2 A e 2 A e x A e x + e x A e x A e r A e 



1 Ae S ) 



(6.2.4) 



and the complex combination of the RR and NSNS three-forms defined in (1.1.4) can be 
written as 



^(3) 



20 e 4 ft, s fie A e Ae + le * h s 



- 2 e 1 A e 2 A e 3 + 



+i (1 - a 2 ) e- 29 e 1 A e 2 A e 3 - \ e~ 9 a' e r A e 1 A e 1 + \ e~ 9 a' e r A e 2 A e 2 



(6.2.5) 

Now we are ready to solve the SUSY equations arising from (1.1.3). Up to now in this work 
we have worked with complex spinors, however, from now on it will become easier to switch 
to real two-component spinors. It is straightforward to find the following rules to pass from 
complex to real spinors: 



e <-> r 3 e , le <-> T\ e , le <-> — 2r 2 e , 



(6.2.6) 



where r, (i = 1, 2, 3) are Pauli matrices that act on the two dimensional vector Q 

To begin with, we study the vanishing of the dilatino SUSY variation, which leads to the 
following equation: 



1 _,p _9 1 \ i± _9 _± 

-e * h s T r r x e — -<2Qe * h » rV x 2 x 3 + i e 4 ft- 

z 4 



1 



~ 9 a'T 



1 



r22 



- 9 aT rli + 



I - (1 - a 2 ) e~ 2g - 2 J T m 



e = 0. 



(6.2.7) 



T a , (a = x a , r, 1, 2, 1, 2, 3) are constant Dirac matrices associated to the frame (6.2.2). We 
have used that d N (f>T N e* = (E r f .y l 0T r e* = /i - 5 0T r e*, and </>' = hr x <\j ', which can 
be easily checked using eq. (6.1.5). 
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As it was done in [18] for the commutative MN background, we shall impose the projec- 
tion: 

r 12 e = r i2 e. (6.2.8) 
Thus, after some calculation, one arrives at the equation: 



-(l-a 2 )e-^-2 
2 v ; 



F rl23 r l e = 

2k- 1 <p' + 20 e 4, h~ l <p' T x 2 x z r 3 + e~ 9 hT* a 1 r xi n ) e 



(6.2.9) 



Let us now introduce the angle a, which also appears in the commutative case, namely: 



cos a 



0' 



1 

sin a = - 



e~ 9 a! 



l + ie- 2 f(a 2 -l) ' 2 l + \e~ 2 9(a 2 -1) ' 

whose value can be obtained from the explicit form (6.1.3) of the solution, resulting: 

2r 



(6.2.10) 



cos a = coth2r 



sinh 2r 



In addition, we define a new angle (3 given by: 

cos/3 = /i"5 ; s i n/ g — -Oe*/i" 



(6.2.11) 



(6.2.12) 



Notice that (3 = when 6 = 0. Moreover, from the definition of h one can easily check that 
sin 2 (3 + cos 2 (3 = 1. 

In terms of the angles a and (3, the equation (6.2.9) results in a new projection to be 
imposed on e, which reads: 



r ri23 T l e 



cos a (cos (3 + sin /3 r^.^ T3) — sin «r i j t\ 



e . 



(6.2.13) 



We will now study the SUSY variations of the gravitino. We begin with the components 
along the Minkowski space. The equation 5ip x i = is: 

Dxl 6 + vkd F *~ N > TNV " N5T ^ e + ^ ( - 9 e ) e* = . (6.2.14) 

Considering a spinor independent of the x a coordinates and inserting the corresponding 
terms of the spin connection (6.2.3), the first term of (6.2.14) takes the form: 



D x ie=^u#r ab e = ±;e-$h-* (20' + h' 1 ti) F x i r e. 



(6.2.15) 



We shall plug the five-form (6.2.4) into the second term of (6.2.14). If we also impose the 
projection (6.2.8), that term becomes: 



1 ~ M , _5 
--Be 4 h « 
8 



[1 -a 2 )e 



-29 



^123x 2 x 3 — e 9 O V rl l x 2 x 3 T x l > T 2 6 , 



(6.2.16) 
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where we have also inserted the total chirality projection 



^x°x 1 x 2 x 3 ^r-F 12123 e — e ■ 



(6.2.17) 



Let us now write down the last term of 5ij) x i = 0; reading the complex three-form from 
eq. (6.2.5) one arrives at 



1 3j> _9 . 1 _4>_ 

- e * h s0 T x i rx 2 x 3 r 3 e + — e * h~ 
8 16 



^(l-a 2 )e^-2 



r ^i23- e 9a ' T xirlip£- 

(6.2.18) 



Then, gathering the three terms written in eqs. (6.2.15), (6.2.16) and (6.2.18), and multi- 
plying the whole equation by 8e* T rx i, one gets: 



20' + h' 1 ti) + iG /T* [ 1 (1 - a 2 ) e~ 2s - 2 
-i0 e~ g h~* a' F l{ T x 2 x s r 2 + Q e 4, h~ l </)' T x 2 x3 r 3 + 



^7-123 ^x 2 x 3 T~2 



1 L-i 



1 



;i_ a 2 )e -2 3 _ 2 



r ri23 n - \ e- 9 a! r xi n | e = o , (6.2.19) 



which, after multiplying by [l + | e 29 (a 2 — 1) can be written in terms of the angles a 
and (3, defined in eqs. (6.2.10) and (6.2.12) respectively, as 



(1 + sin 2 (3) cos a + 2i sin (3 ^ x 2 x z r 2 + 2i sin a sin /? I^j r 2 — 



— cos a sin (3 cos /3 r x 2 x 3 r 3 — cos /5 r r i2 3 Ti — sin a cos r x j ri 



e = 0. (6.2.20) 



We have not yet used the projection (6.2.13). Notice that by multiplying that projection by 
—iT x 2 x 3 r 3 , one obtains the following equivalent expression: 

r r i23 F x 2 x a r 2 e = i cos a sin/? — cos a cos^T^^ r 3 + sin a T x 2 x a r x j r 3 ri e. (6.2.21) 

So, finally, one can readily check that eq. (6.2.19) is satisfied after imposing (6.2.13) and 
(6.2.21). 

The equation arising from 5ij) x o = is equal to the one resulting from 5ip x i = 0, while 
from the other two Minkowski components, namely 5ip x 2 = and 5ip x 3 = 0, we get an 
equation slightly different, which also vanishes after imposing the projections (6.2.8) and 
(6.2.13). 

We shall now look at the SUSY variations of the angular components of the gravitino. 
Let us begin with the equation Stpi = 0: 

Di€ + i~9~20 F *~»> TNl "' N5T l e + k ^Lns ( T™ N ' - 9 5* ) e* = . (6.2.22) 
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We assume that e does not depend on the angular coordinates so, after plugging the cor- 
responding components of the spin connection (6.2.3), the first term of this last equation 
reads: 

\e~ 9 a! r lr + f ^ + \ h~ l ti) r ir - r 



D i e = ^uj a 1 b T ab e= - <-~ h 



1 

2 



8 



(6.2.23) 



Inserting the RR five-form (6.2.4), using eq. (6.2.17), and imposing the projection (6.2.8), 
the second term of (6.2.22) takes the form: 



- 6 e 4 h s 
8 



i(l-a 2 )e- 2 * + 2 



i23 x 2 x 3 



(6.2.24) 



The first term containing the RR three-form (6.2.5), namely ^ ^NiN 2 n 3 r^ NlN2Ns e*, can be 



written as 

- 9 e * /i 8 r irA 3 r 3 e + — e 4 h s 



^(l-a^e^r^-ie-^aT 



lrll 



Tie, 



(6.2.25) 

where we have imposed the projection (6.2.8). Using that projection, the last term of eq. 
(6.2.22), i.e. -^^ iN2N J^T N ^e*, becomes: 



3^>5/ 1 \ 

— e-4 fe-s (2 % + - e~ 9 a' T rl j n e . 



(6.2.26) 

Eventually, we gather the four pieces of Sipi = 0: (6.2.23), (6.2.24), (6.2.25) and (6.2.26); 
and we multiply the whole equation by 8e4 fri r r j. We arrive at 



- (2(j)' + h- l ti) 

1 



i(l_ a 2 )e -2, + 3 

4 



F rl23 r l + 



1 - a 2 ) e" 2 * + 2 r ri2 3 r 2 - 4r ri23 + 



+0 e 4, h~ l <f)' T X 2 X 3 r 3 - e~ 9 a + ^ e~ 9 h~* a' n j e = . 



(6.2.27) 



Let us proceed as before and multiply this last equation by ± -r ^ c - ^u, — ±j , «m 
allows us to write it in terms of the angles a and (3. Next we substitute the projecti 
(6.2.13) and its equivalent expression (6.2.21). After some calculation one gets: 



1 + \e~ 29 (a 2 - l)j \ which 

ion 



2 sin a cos (3 T\ + 2 sin ct sin /3 r\j T\ r 3 — 2 sin a r x j + 

- 1 - 1 e _2 9 ^2 _ ( cos a ~ sin a cos /^ r ii r i - sin a sin /3 T^s r xi r x r 3 - T ri 2 3 ) | e = 0. 

(6.2.28) 
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It is clear that in order to satisfy this equation, one must impose an extra projection on e. 
Indeed, we will see that if we require the term in parentheses to vanish we get a projection 
that makes the first three terms cancel each other. The term in parentheses in eq. (6.2.28) 
can be written as 

( cos a + sin a I\j) (l — cos (3t\ — sin (3 T X 2 X 3 t\ r 3 ) e , (6.2.29) 



where we have used that I" \\2% e 



cos a (cos (3 — sin (3 T X 2 X 3 r 3 ) T\ — sin aF ± i 



e, which follows 



from (6.2.13). If we want eq. (6.2.29) to vanish, e must satisfy the following equation: 

Ti e = ( cos (3 + sin (3 T X 2 X 3 r 3 ) e . (6.2.30) 

Let us write the first three terms of (6.2.28) as 

—2 sin a I\j e + 2 sin a I\j t\ (cos (3 + sin (3 T x 2 x z r 3 ) e , (6.2.31) 

which clearly vanishes after imposing (6.2.30). So the equation 8ipi = is fulfilled by an e 
satisfying the known projections (6.2.8) and (6.2.13) together with the new one (6.2.30). 

The vanishing of the SUSY variations of the remaining angular components of the grav- 
itino is guaranteed by the three projections we have just mentioned and the first order 
differential equations satisfied by g and a, namely: 

g' = - (1 — a 2 ) e~ 2g cos a — e~ 9 a sin a , 

a! = -2a cos a- (1 - a 2 ) sin a . (6.2.32) 

Sip2 — takes the same form, up to a global factor, as 8i/ji = 0, and 5^ = also holds 
if we impose the same projections. The equations 5ipi = and Sip2 = are equal up to a 
global factor and they vanish if one uses the differential equations (6.2.32) and again the 
projections (6.2.8), (6.2.13) and (6.2.30). 

Notice that the new projection (6.2.30) can be written as 

ri e = e P r * 2 * 3T3 e, (6.2.33) 

and, in addition, by using (6.2.30) on the right-hand side of (6.2.13), one arrives at 

T ri 2 3 e = (cos a - sinaT^) e = e~ ar ii e . (6.2.34) 

Since [^2^.3X3, T x j ] = {^^^.2^.3^} = {1^23,1^} = 0, we can solve (6.2.8), (6.2.33) and 
(6.2.34) as follows: 

e = e t r ii e-fr^ra ^ ? (6.2.35) 
where 77 is a spinor that can only depend on the radial coordinate and satisfies: 

r 12 7] = r i2 77 , nr] = r] , r ri2 3 77 = 77 . (6.2.36) 
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We still have to write the SUSY variation of the radial component of the dilatino. In 
principle we suppose that e depends on the radial coordinate. The equation 5ip r = will 
determine such dependence; it takes the form: 

Dr e + ^ F®.. Ns r*-*T r 6 + 1 ( T r N ^ - 9 ^ ) e* = . (6.2.37) 

Let us write down each term of this equation separately. The covariant derivative can be 
easily written in terms of ^ = e' as D r e = (E~) _1 (e' + | uuf b T a i, ej . Then, reading the spin 
connection from eq. (6.2.3) (recalling that u;~ b = E^u>^: b ), the covariant derivative becomes: 



D r e = e~* (e' + ^ e~ 9 a r xi , 



(6.2.38) 



where we have already used the projection (6.2.8). The second piece of (6.2.37), after insert- 
ing the five-form written in eq. (6.2.4), using eq. (6.2.17) and imposing again (6.2.8), takes 
the form: 
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(6.2.39) 



Next we substitute the RR three-form (6.2.5) into the last terms of eq. (6.2.37) and, after 
making use of the projection (6.2.8), we arrive at 
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>e . 



(6.2.40) 



We shall now gather the three contributions to 5ip r = (namely (6.2.38), (6.2.39), (6.2.40)) 
and substitute into the equation the form of e written in eq. (6.2.35). After some calculation, 
taking into account the projections (6.2.36) satisfied by 77 and the definitions of a and /3 given 
in (6.2.10) and (6.2.12), we get the following equation: 
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r] = 0. 



(6.2.41) 



The fulfilment of this equation requires that the terms proportional to to T X 2 X 3T 3 and 
to the identity vanish separately, resulting: 



a 



1 + a! e ~ 9 = , (3' + 6 ■ 



0, 



(6.2.42) 
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(6.2.43) 
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One can check that (6.2.42) follows automatically from the definitions of a and /3, while 
(6.2.43) fixes the radial dependence of rj, which can be written as 

r j = e»h^e Q , (6.2.44) 

in terms of a constant spinor eo satisfying the same projections as r], i.e. (6.2.36). 

To sum up, the Killing spinors of the non- commutative MN background can be written 
in terms of a ten dimensional constant spinor satisfying three independent and compatible 
projections reducing the number of independent spinors from the maximal 32 to 4 as it 
should be for the gravity dual of a 4d Af = 1 supersymmetric theory. In fact, by looking at 
[18], one can check that the only difference between the Killing spinors of the commutative 
and non- commutative models is a rotation along the non-commutative plane. This should 
be expected since those are the directions along which the deformation is performed and the 
Killing spinors of the MN solution do not depend on those coordinates. 
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In this work we have computed explicitly the Killing spinors of five different solutions of 
ten dimensional type IIB supergravity. We have begun by computing the Killing spinors for 
backgrounds of the form IR 1 ' 3 x 3^6, where 3^6 is either the singular conifold or any of its 
resolutions. We have carried out this calculation using a generalized ansatz proposed in [14] 
resulting from the uplift of a domain wall setup in eight dimensional gauged supergravity 
corresponding to D6-branes wrapping an £ 2 . As expected, the vanishing of the lOd SUSY 
variations (1.1.3), besides determining the form of the lOd Killing spinors, resulted in the 
same system of differential equations for the functions entering the ansatz as in the eight 
dimensional case. The solutions of that system realize the different resolutions of the conifold. 
Furthermore, it turns out that when written in the natural frame arising from the uplifted 
ten dimensional metric, the lOd Killing spinors do not depend on the angular coordinates of 
the conifold. In fact, we have written them in terms of a constant lOd spinor, by means of a 
rotation (whose phase depends only on the radial coordinate) along two internal directions. 
The constant spinor must satisfy two independent and compatible projections reducing its 
number of independent components from 32 to 8. Thus, as it should be, these backgrounds 
leave unbroken eight supersymmetries. These results, presented in chapter 2, were very useful 
for the development of the subsequent chapters, as we will recall in the following paragraphs. 

We have studied, in chapter 3, the Killing spinors of the Klebanov-Witten (KW) model 
[7]. This background arises from placing a stack of N D3-branes at the tip of the singular 
conifold. After taking the usual decoupling limit, the resulting geometry is AdS$ x T 1,1 
(recall that T 1,1 is the base of the conifold), and it turns out that the computation of 
the Killing spinors is simplified if we write the T 1,1 metric in the form (2.3.7) obtained 
in chapter 2. Indeed, we were able to write the Killing spinors in such a basis that they 
are independent of the coordinates of the T 1,1 ; one suspected this would be so, since that 
form of the metric comes out as an uplift from 8d gauged supergravity. Therefore, from the 
consistency of the reduction, the Killing spinors should not depend on any angular coordinate 
of the group manifold (the SU(2) along which the reduction takes place) but, in addition, 
the topological twist needed to realize supersymmetry with wrapped branes in the eight 
dimensional theory results in a fibration of the £77(2) manifold along the remaining £ 2 , 
reinforcing the conjecture that the Killing spinors will not depend on the T 1 ' 1 coordinates, 
when written in the appropriate frame. 
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Let us also recall that, contrary to what one could naively expect, the Killing spinors 
of the KW background do not satisfy the projection corresponding to a D3-brane extended 
along the Minkowski directions. In fact, we have got two independent solutions, namely 
(3.2.17) and (3.2.18), each one being 1/8 supersymmetric, and only the first one satisfies 
that projection. These are the Killing spinors corresponding to the four ordinary supersym- 
metries, while the second ones (eq. (3.2.18)) realize the four superconformal symmetries. 
The complete solution only satisfies the two independent projections corresponding to the 
T 1 ' 1 space. 

We have already pointed out in the introduction that the explicit knowledge of the 
Killing spinors of the KW model was essential for the program carried out in [13], where we 
systematically explored the possibilities of adding different D-brane probes in the Klebanov- 
Witten background. 

The aforementioned form of writing the metric of the T 1 ' 1 , resulting from (2.3.7) in chap- 
ter 2, has become useful again for the computation of the Killing spinors of the Klebanov- 
Tseytlin (KT) background [15] performed in chapter 4. This solution results from adding M 
fractional D3-branes (wrapped D5-branes) to the setup of the KW model. The three-form 
flux created by the D5-branes is the source of the conformal symmetry breaking, so the back- 
ground preserves only the four usual supersymmetries corresponding to a four dimensional 
M = 1 YM theory. We have written the Killing spinors in a basis where they do not depend 
on the coordinates of the T 1,1 and this time, in addition to the two projections of the T 1 ' 1 , 
they satisfy the projection corresponding to a D3-brane extended along the Minkowski space. 
Therefore, one has 4 independent spinors standing for the four conserved supersymmetries. 

Our next step (chapter 5) was the computation of the Killing spinors of the Klebanov- 
Strassler (KS) background [16]. This solution is constructed by placing D3-branes and 
fractional D3-branes at the tip of the deformed conifold. Then, while in the UV this solution 
approaches the KT model, the deformation of the conifold gives, in the IR, a geometrical 
realization of confinement and chiral symmetry breaking. Thus, this background is conjec- 
tured to provide (in the r — > limit, where r is the holographic coordinate) a dual to the 
IR region of M = 1 SYM. 

The KS background is formulated in terms of several functions of the radial coordinate 
which are defined by means of a system of first order differential equations solving the 
equations of motion of type IIB supergravity. By writing the metric of the deformed conifold 
in the form found in chapter 2 and imposing the projections obtained there for the Killing 
spinors of the deformed conifold (see section 2.3.1) plus the projection corresponding to a 
D3-brane along IR 1 ' 3 we have shown that, in order to have a background preserving some 
supersymmetry (in particular a | supersymmetric solution), those functions defining the 
KS model must satisfy the mentioned first order system plus an extra algebraic constraint. 
Then, the Killing spinors of the KS background can be written, in a frame where they do not 
depend on the angular coordinates of the conifold, in terms of a ten dimensional constant 
spinor satisfying three independent projections leaving unbroken four supersymmetries. 

Finally, in chapter 6 we have studied the Killing spinors of the non-commutative Maldacena- 
Nunez (MN) background [17]. This solution can be obtained from the commutative geometry 
[19, 20] by means of a chain of string dualities resulting in a deformed background which 
singles out the two spatial directions along which the deformation took place (they form the 
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so-called non-commutative plane). Thus, it breaks the four dimensional Lorentz invariance 
and the corresponding dual theory has spatial non-commutativity along those directions. 

The computation of the Killing spinors goes along the same lines as for the commutative 
solution (see [18]). Working in the appropriate frame (the one arising when one obtains the 
commutative MN background as an uplift from 7d gauged SUGRA) it turns out that the 
Killing spinors do not depend on the internal angular coordinates of the geometry and, in 
fact, we have written them in terms of a constant spinor satisfying the same three projections 
as in the commutative case. The only effect of the deformation is the presence of a rotation 
along the non-commutative plane. This was expected since, when working in the suitable 
background, the Killing spinors of the commutative solution do not depend on the directions 
along which the deformation is performed. Let us remark that the solution leaves unbroken 
four supersymmetries as it corresponds to a four dimensional Af = 1 supersymmetric field 
theory. 
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